We know how to find derivative of a given function fwith respect to an independent
variable. Also, we have discussed varions methods of integration to find a funetion f
whose derivative is the function g, we may formulate this as follows

For a given tunction g, find a function f such that d—f = g{x) or we can write it as
x

ﬂ— glx), where y= flz) Such type of equation is known as differential equation.

DIFFERENTIAL
EQUATIONS

In this chapter, we will study some basic concepes related to differential
equation, g:n:n] and particular solutions of a differential equation, formation
of differential equations, some methods to solve differential equations and
applications of differential equations.

|T0PIC 1| %% CHAPTER CHECKLIST
Order, Degree and Solution e Bennaution of
of Differential Equati(}n e Methods of Solving First Order and

First Degree Differential Equations
* Linear Differential Equation

DIFFERENTIAL EQUATION

An equartion involving independent variable (variables), dependent variable and
derivative or derivatives of dependent variable with respect to independent

d
varnahle (variables) is called 2 differential equarion. e.g. EIE}_E"':E and

d* ’

=i—'r+[ﬁ] =0 are differential equations, but Zx—3y=0 is not a
al = e

differential equation as derivatives of dependent vanable (y) with respect w
independent variable (x) is not present.

Ordinary Differential Equation
A differential equation involving derivative or derivatives of the dependent
vanable with respect to only one independent variable is called an ordinary

differential equation. eg. 2 ﬂ[;--r-I-S[ﬂ] =0 15 an ordinary differential

2 dx
equation, because here dependent variable y have derivatives with respect to
only one independent variable, ie. x
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There are differential equation involving derivatives with
respect to more than one independent wvariables, such
equation is called partial differential equarion. But here, we
shall only deal with ordinary differential equation.

The derivatives are denoted by the symbols
dy d l_y d"y
PR
If the derivative is of higher order say m then it is

convenient to use y, to represent nth order derivarive.

Order of a Differential Equation

The order of the highest order derivative of dependent
variable with respect to independent variable involved in a
differential equation, is called arder of differential equarion.

3 2
i) 2+ xl[ﬂr—f] =0
e’ d’
Here, in .8 (1), equarion has the highcst dervarive of first
order and in ez (ii), equation has the high:st denivative of
third order. So, orders of the differential equations in eg. (1)
and (u) are 1 and 3, n::p:ctiw:l}r.

r v (]
nr'r rr}' e or }LIJI[---|JH.

&
e.g {l};-smx—ﬂ

Degree of a Differential Equation

The highest power (positive integral index) of the highest
order derivative involved in a differential equation, when it
is written as a polynomial in derivatives, is called the degree
of a differential equation.

o (23] oo()orA(2)o

In this differential equation, highest order derivative is
.d'j
[ Jﬁ-f ] » whose highest power is 2. So, degree of differential

equation 15 2.

Note
{i) The order and degree (if defined) of a differential equation are
shways posities integers.
{ii) If the green differential equation is not a polynomial equation in
its derivatives, then its degree is not defined.
eg. %+ =in [%] = 0 iz not a polynomial equation n derivatives

because by using expansion of sin x, the differential equation

AN AN
becomes E+ ﬁ-[&l-} [‘:ﬁl— =0, which is not a
de  |d 3l 5!

polynomial in derivatives, as it is not finile, so s degree is not
defined.

e @)

{ii) If the differential equation have radicals (ke [ 3, etc) and

fractions | like # L —- el
= ’ a

made it free from radicals and fractions by simplifying it

then to find degree, first

EXAMPLE |1]| Find the order and degree (if defined)
of each of the following differential equation.

{i}:I—’r-seu-u (i) ¥+ +e’ =0

7
(i) y-x%+ 1+[:x_jf]

Sol (i) Given differential equation is j—:'r =-secy =l
i'y

The highest order derivative occurring in the
dy

differential equation is E so its order is 1.

It is a polynomial i:|:1'ﬂ!—}I and highest power raised md‘_}.
dx dx
is 1.
S0, its degree is 1.
(i) Given differential equation is y™ + y* + e =0
The highest order derivative ocourring in the
differential equation is ¥, so itz order is 3.

The given differential equation is not a polynomial
equation in derivatives of y, so its degree is not
defined.

7
(iii} Given differential equation is y = Jc'ﬂ!—}I + 1+ [d_y] .
dx dx

It has radical sign in power, ie. not have positive
integer powers, so we first convert it into differential
equation having positive integer powers.

We can rewrite the given differential equations as

| 2
y-xd—y- 1+[d_y]

=y 4 x? [Ez]t—lwt':..-flll'l-1+[—d'1"-l]2

y dx dx d

[squaring both sides]
= (x* -1_“:[“‘!—J'II]i - Zx}l'd—y+ y=1m0
dx dx

. _ o dy

which represents a quadratic polynomial in 7
%

Since, highest order derivative is il‘t:

5o, order of the differential equation is1 and degree of
the differential equation is 2
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EXAMPLE |2| Find the order and degree of differential
. P
equatmny:px-r-.lllap + b°, where p = dy/dx.
Sol Given differential equation is
y= px o+ -,||a:=pi + b

dy

where, p = oy
R
(y— pef malp? + b
¥+ pixt = 2xpy = ap® 4 b

[ A

(x* —atzjlp-2 —Exjp+[y2—b2]-ﬂ

=5 I.{Jr2 —ﬂij(:-fz]i - Zr){ﬂ] +[_'|.ri - bgjnﬂ
dx dx

Clearly, order =1 and degree =2

EXAMPLE |3] Write the sum of the order and degree
1
of the differential equation - {[ﬂ] —0.
dx [\ dx [All India 2015]

3
Sol Given equation is i I[-dt] } =10
dx || de

2 g2

dx) dx’
Clearly, the highest order derivative occurring in the
differential equation is d* y/dx*.
So, its order is 2. Also, it is a polynomial equation in
derivatives and highest power raised to d° y/fdx* is 1, so
its degree is 1.
Hence, the sum of the order and degree of the above
differential equationis 2 +1=3

SOLUTION OF A
DIFFERENTIAL EQUATION

We know that the solutions of a polynomial equation are

numbers (real or complex), which satisfies the given

equation. Similarly, a function of independent variable will
be a solution of differential equation, if this function
satisfies the given differential equation.

In other words, suppose a differential equation is given to
us, in which y is dependent vanable and x is independent
variable. Then, the function §(x) will be its solution, if it
satisfy the given differental equation, ie. when the
function & 15 substituted for the unknown ¥ (dependent
variable) in the given differential equation, LHS becomes
equal to RHS. The solution of a differential equation is of
two types, which are given below

e @)

General Solution of a
Differential Equation
If the solunion of a differential equation of order », contains

n arbitrary constants, then it is called a general solution.

d’y

2

e.g The general solution of + y=01s

y=Acosx+ Bsinx

But y=Acosx+sinx and y=cosx+ Hsin x is not the
gl:ru:ra] solution nfp'vcn differential equation, as it contains
only one arbitrary constant.

METHOD TO VERIFY THAT GIVEN FUNCTION
IS A SOLUTION OF DIFFERENTIAL EQUATION

Suppose, a differential equation is given to us in which y is
dependent variable and x is independent variable. Then, w
verify whether the function y = ¢(x) is a solution of given
differential equation or not, we differentiate y=1b(x) with
respect to x as many times as the order of given differential
equation. Then, put y = ¢(x) and values of its derivatives
into LHS of given differential equation and check that LHS
= RHS or not. I[F LHS = RHS, then function y={(x) isa
solution of given differential equation, otherwise not.

(i) Ifitis possible to obtain the given differential equation
by using given function y = ¢(x) and its derivarives,
then the given funcrion r=e¢ {2} 15 a solunion urgjv:n
differential equation.

(it} Sometimes, a relation between dependent variable ( y)
and independent vanable (x) 1s given to us, where s
not directly expressed as function of x (eg
¥y —cos y=x) and we have to check whether the given
relation is a solution of given differential equation or
not. In such case, we differentiate the given relation as
many times as the order of differential equation to get
the given differential equation. [fwe obtained the given
differential equation. Then, the given relation is a
solution, otherwise not.

EXAMPLE |4| Verify that the function y=e ™ isa
2
solution of the differential equation dy + @ _ By =0
de?  dx
Sol Given differential equation is

d'y dy ;
E+E-&?-ﬂ ...[]}
and given function is y = ¢™*. o fi1]

Here, order of the given differential equation is 2.
So, we differentiate Eq. (i) two times.
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On differentiating Eq. (i}, w.r.t. x two times, we get

2
ﬂ-—ﬂe'h and &—E-E!e'h
dx dx®

2
On putting the values of y, % and :'x_f in LHS of

Eq. (i), we get
LHS = 0™ g (w3 ) m g™

=0 — 3™ g™ 20 = RHS

Hence, the given function is a solution of given
differential equation.
EXAMPLE |5| Verify that y=Acos x—Fsinxis a
2
solution of the differential equation d—:' +y=0
dx
Sol Given, y= A cos x = Bsin x i)
Here, order of the given differential equation is 2. So,
we differentiate the Eq. (i) two times.
On differentiating both sides of Eq. (i) w.r.t. x two times,

we get
d—'v-—.rlsin.r—ﬁms. x
2
== :_—r':-'-—ﬂtnsx+ﬂsmr
3
=5 l—f-—{Acusx—stﬂxj
d* .
= d'I_I:--- ¥ [from Eqg. (i)]
x

which is the given differential equation.
Hence, y = A cos x = Hsin x is a solution of given
equation.
EXAMPLE |6| Verify that the functionx + y=tan™! y
is a solution of the differential equation y*y’ + y* +1=0.
Sol Given functionis x + y = tan™" y. i)

Here, order of differential equation is 1. 5o, we
differentiate Eq. (i) one time.

On dil'ferenliat%ng Eq. (i}, w.r.t. x one time, we get

- 1 -

try= 1+ y R

=3 I:I+J.r"}{1+y2]- ¥

= 1+y+y (1+y)=y

= 1+ :..'2 + yzy" =

which is the given differential equation.

Hence, x+ y=tan™'y is a solution of the given
differential equation.

e @)

Particular Solution of a

Differential Equation

The solution of a differential equation obtained by giving
particular values to the arbitrary constants in the general
solution, is called the particular solution. In other words,
the solution free from arbitrary constane is called particular
solution.

d* ¥

2

e.g. The general solution of + y=01s

y= Acosx+ Bsin x.

If A=B=1, then y=cosx +sinx is a particular solution
of the given differential equation.

INITIAL YALUE PROBLEMS

An nitial value problem is a differential equation rogether
with specified value of the unknown funcdon and s
derivatives at a point of the domain of definition of
independent variable.

These specified values are called initial conditions and given
for specify a particular solution of the differential equation.
Often, ininal condinions are of the form _}l{xo} =¥y and f or

.}I’[:II}I:] = Yo J”{I{.} = Faoz and so on.

DT 1=
e.g. {I}xir Ly(l)=0

EIr]'.
(ii) ﬁ—f—s%u; =0, y(0)=2, y"(0) = 3 are ininal

value problems.

(i) If the differentizl equation in the initial value
problem is of order 1, then initial value problem
involves only specified value of the unknown
function, Le. y(xy) = yq.

(1) A function is said to be a solutnon of ininal value
problem, if it satisfy the given differential equation

and its inirial conditons.

EXAMPLE |7| Show that y= x* +2x +1 is the
solution of the initial value problem

. yi)=2 y"0)=2.

-":;:3" Firgt, show that ¥ = ¢ (x) satisfy the gven differantial
equation and then show thatl it also satisfy given indtial
conditions.

Sol. Given function is
yux' 4 e 41 i)
Here, order of the given differential equation is 3. S0, we
differentiate Eq. (i) three times.
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On differentiating Eq. (i) w.r.t. x three times, we get

% =25+ 2 _{ii)
r ]
j_;';l =2 i)

3
i—rl} = (I, which is the given differential equation.

So, y = x* + 2x +1 is the solution of given differential
equation.
Now,  y0)=(0) + 20)+1=1 [using Eq. (i)]

y'(0)= [ﬁ] =20)+2=2 [using Eq. (ii]
= xml

2
and [:_I-}] =2 [using Eq. (iii)]
atx =l

Hence, y = x* + 2x + 1 is the solution of initial value
problem.

| TOPIC PRACTICE1 |

OBJECTIVE TYPE QUESTIONS

1 The order and degree of the differential
2 1/4
equation %Ié- + [%] +x% =0 respectively,

are
(a) 2 and 4 (b) 2 and 2
(c) 2 and 3 (d)3and 3

The degree of the differential equation

2 42 3 ,
[j—-:'] + [j_}“] = rsin [i—}] is
x X
(a) 1 (b) 2
c)3 {d) not defined

The de%ree of the differential equation

1+[d—y] = xis
dx

(a) 1 (b)o
(c) 2 {d) None of these

The sum of the order and degree of the
following differential equation i[d_y] = 3is
dx | dx

(a)2 ib) 3
(c) 4 id)s

L The order and de%ree of the differential

Fx 9
equation [1 + %] - 41% is
(3 ®) 3.1
(c)(3.3) (d) (1, 2)

VERY SHORT ANSWER Tvpe Questions

Directions (). Nos. 6-11) Find the order and degree, each
of the following differential equations, if defirned.

{6 g

4 2
[E] + 3‘1_;&_: =0
di dt [MCERT]

=]

]

8 xyfl= y2dx+ yfl=xidy=0

oy 1
9 )+E-;j_}dx

2 33 2 ,
10 [d__z] +[d_y] +sin[d—)]+1-l] [NCERTI]
dx dx dx
2 s
i1 [i—r-;-]+ms [%] =0 [NCERTI]

12 Find the order and degree of the differential
f2
z 2
: dy d
uation |1 4| 2L .
o [ [.:it] ]ﬂ b
13 Write the sum of order and degree of differential

ay\' _(aty)
equatianl-i-[—‘r] = ?[—i] .
dx dx [Delhi 2015C]

SHORT ANSWER Tvpe I Questions

14 Find the order and degree of the

differential equation x - sin [j—yJ = (.
X

15 Find the order and degree (if defined) of the
differential equation

2 z z
:i_x.;*- x[%] = Zxﬂlﬂg[i—x-;}

2
16 1f log, [1 4 i—ﬁ-} = x, then find the order and

[Delhi 2020]

degree of the given differential equation.
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17 Verify that the function y = \Ja® = x*, x & (- a, a) is

a solution of differential equation

x+_p'jx—y-ﬂ{y:l]:|.

18 Verify that y = ¢™* + Ax + B is a solution of the

20

differential equation E[L—i] =1

19 Verify that the function defined by

ye=sin x =cosx, x € R is a solution of the initial

value problem i;i— =sin x +cosx, M0)==1.

SHORT ANSWER Type 11 Questions

20 Verify that the function y—cos y=xisa
solution of the differential equation
(ysin y+cosy+x)p =y

21 Verify that y = xsinx is a solution of differential

equation o’ = y+ J:-,||xj - },z'
(x20and x> yorx <=y

22 Verify that the function x* =2y* log yis a
solution of the differential equation

i
(e y)L-xy=0.

23 Show that the function xy=log y + Cisa

solution of the differential equation
2

y
=)
=

Y=

24 Show that y = 4¢™ + Be™ is a solution of the

. i g dy
diff tial t - r i),
erential equa mnE;; {m"'"].:i: + HRy

25 Verify that y=¢™ ="' * is a solution of the

dy

2
differential equation (1=x%) Lz—’” -X e m® "y

| HINTS & SOLUTIONS |

s 14
I. (a) Given that it—y +[d_y] -y

2 dx
2 ifd
=% d—}l 4 [d—?] ==x'f
di® dx

i 3
= [d_y] == x4 d'_y
dx dx*
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e @)

On squaring both sides, we get

112 3 32
LA I T
(%) [ +itg}

Again, on squaring both sides, we have

2 4
d_}l- x15+ﬂ
dx dx?

Order = 2, degree = 4
2. (d) The degree of given differential equation is not

defined because when we expand sin d_y] we get an
x

infinite series in the increasing powers ufi%. Therefore

its degree is not defined.
z
3. (c) We hawve, 1 +[d_}'] = x
dx

Clearly, degree = 2

4. (b) We have, i[ﬂ] =5
dx\ dx

2
2 Order = 2 degree =1
Hence, sum= 2+1 =3
23 .
5. (0) Wehaw,[l-l-jd—y] =sdY
dx dx?

Cubing both sides, we get
i 5 3
[1 + jﬂ] - -*Id—x-
dx dx?
s Order = 3, degres = 3

x* dx

R i
6. Given ﬁﬂerﬂ.ﬁalequaﬁunisx[:—r] +[d__1.r] +yime™

3
Since, the highest order derivative is d__v So, its order is 3.
dI!

3
It is a polynomial equation in % ‘;—;} and the highest
3
power nf:—éis 2. So, its degree is 2.
%

7. Solve as Question 6. [Ans. Order = 2 Degree =1]

8. The given equation can be rewritten as

2
xﬁlﬁ-jrid.x--y"#[l-xia‘y = a!_J.r- ol Ll
dx -

Since, the highest order derivative is %Il}l- %o, its order is 1.

It is a polynomial equation in % and highest power nl'gll_
is 1. So, its degree is 1.
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Y [d*y)
. Given differential equation is1+ [Ey] = ?[—y] .

Given differential equation is
dy 1 :
y+E-IIydx --Ai)
Let us first remove the integral sign by differentiating it

Wt x.
On differentiating Eq. (i) w.r.t. x, we get

dr  dy? 4}'

2

Since, the highest order derivative is :_x; So, its order is 2.
d* d

Also, it is a polynomial equation in ﬁ and EILI where

2
highest power nf:_—réis 1. 50, its degree is 1.

Given differential equation is

&yY (dyY . [d

£y +[—J"] +:‘u{—J"] +1m0

dr? dx dx

2
Since, the highest order derivative is d—lﬂ. 5o, its order is 2.
dxi

Degree is not defined as it is not a polynomial in
derivatives.
Solve as Question 10.
[Ans. Order = 2 Degree = not defined)

- P
Given differential equation is| 1 + [d_y] - ﬂ
dx dx®

On squaring both sides, we get

RGIRE]

Here, highest order derivative is :I—y whose highest

2
power is 2.
So, order of differential equation is 2 and degree is also 2.

dx?

2
Here, highest order derivative is :I—f, whose highest

power is 3.
S0, order = 2 and degree =3
Sum of order and degree = 2+3=5

Given differential equation is x = sin [i\'—y] =

Since, the highest order derivative is %

So, its order is 1.
Mow, if possible, then convert the given differential
equation into polynomial equation of derivatives.

Consider, x = sin [ﬂ] =i
dx

=% sl (d_y] L
dx
= %-ﬂn" x, which iz a palynomial mi}-l
Also, highest power nf:—'v is 1. 5o, its degree is 1.
i
15. Since, highest order derivative occurring in  the
2
differential equation isd—x, therefore order is 2 and as the
dxi
differential equation is not a polynomial in derivatives,
therefore its degree is not defined.
16. Given differential equation is

2 2
log, [1 +d.__'|.r]- x, which can be rewritten as1 +ﬂ- e
dx? dx®

Clearly, the order of differential equation is 2 and its
degree is 1.

BT dyzx
]?.Huudtlm=:dxly=bx+}'dxlﬂ
2

18. Hint 2 m e (1) + A4: LL m e~
dx dx*

19. Solve as Example 7.

20). Given differential equation is

) y )
+* + X)) —= -
(ysin y + cos y+ x) ; ¥ 1]

and given function is y = cos y=x i)
Since, the order of differential equation is 1, therefore
we differentiate Eq. (ii) w.r.t. x only once.

Mow, differentiating Eq. {ii) wor.t. x, we get

d—y+5iny-d—y-1
di dx
Dir+si 1
=2 d_t[ sin y)=
dy 1+siny

Mow, consider )
LHS=(ysin y+ cos y+ x) y' = yanyreosytx

1#+siny
sin y 4 cos y 4 ¥ = cos . .
- 220 1+5i }I_-p z [using Eq. (ii)]
-}'smjr-l-y-y{smy-i-l}l-y_ms
1+sin y 1+sin y

Hence, the given function is a solution of the differential
equation.

21. Hint d_:..'_ sinx + xcosx
dx

LHS = rsinx + x* cos x

2
-;.-+Jc!.||ll—sj.1:12_7r-;..'+.1c2 1—[—*"—']-RH5
x
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22 Hint P e
dr  yi(l+ 2log y)

Mow, substitute the value of x* from the given equation

mdd—'}'i‘l‘l LHS.
dx
13, Given. xy = log y + C
On differentiating both sides w.rt. x, we get

xy +pl= L ¥+ 0 [using product rule of derivative]
¥
s ty=L = xpyeyiay
¥

= J'z =y =xyy
= y =yl-xy)

=% y' = y . xpel Hence proved.
- xy
24. Given, y = Ae™ + Be™ i)
On d.iE-EIEI'.lIi:]t:iII.E both sides of Eq. (i) w.r.t. x. we get
e Ae™ .m+ Be™.n _{ii)

dx

Again, on differentiating both sides of Eq. (ii) w.r.t. x,
we get
2

d—%- m-Ae™ .m + n- Be™ -n

| TOPIC 2|

2
= d—'r- =miAe™ + nlBe™
dx
Now, consider
d*y dy
LHS = F-[m +H}E+ mny
+ ntBe™ + nBe™)

+ Be™)

= mtAe™ ={m + n) (mAe™
+ mnaf Ae™
- m® Ae™ = mnBe™

= i Be™ + mnAe™

+n'Be™
= nmAe™
=0 = RHS
Thus, LHS = RHS
+ Be"™ is a solution of given equation.
Hence proved.

= mAe™
+ mnHBe™

Hence, y = Ae™

25, Hint ¥ = ™
dx 1= x°

PR
= [1—1'23[311_] = m’y?

dy}d*y dy
- jz[dr]d'xz [ ] (= Ex}-m Eydx

On dividing both sides by E{E] to verify required result.

Methods of Solving First Order and
First Degree Differential Equations

DIFFERENTIAL EQUATION
WITH VARIABLES SEPARABLE

A first order and first degree differential equation

E= Fix, '_-,-} i5 in the form of variable separable, if the
function F can be expressed as the product of the functions
of x and the functions of y. Suppose a first order and first

d:gr:: differential equation is given to us, ie.

%= Flx, y) 0
o
MNow, cxprumdirasi=é{r}'}-g{x] T
]F.ﬁ[’}'}*ﬂ then separate the varables, i.e. write Eq. (i1) as
—_— x)dx
fr( ) dy = glx)

e @)

On int:grating both sides, we get
j ﬁj, [ gxdc or Hiy) =Gx)+C

which is the required solution of given differential

equation, where H{ y), Glx) are the ano-derivatives ufﬁ..
F

glx) respectively and C is the arbitrary constant.
EXAMPLE |1| Solve the differential equation

dy _ 2 2
E-{1+x Y1+ ¥°) INCERT)

Sol. Given differential equation is gxx- {1+ x50+ yzj
On separating the variables, we get

1
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On integrating both sides, we get

‘[1::"2 dy-f {1+ x?)dx

3
= tan'ljr-x+1—?+f__

where, C iz a constant of integration.

Hote Here, is no need io infroduce arbitrary constants of integration
on both sides becauss both constant may be combined together

and give just ome arbitrary constant.
EXAMPLE |2| Find the general solution of the
dy

differential equation (x +2)— = ¥ +5x -3 x#-2

Sol Given differential equation is (x + 2}%- x4 Gx =1
xt +5x =13
(x+2)
On integrating both sides, we get

¥ +5x =3 9
Id}l -IW:{E = y-I[{x +3]-{x+ 2}}:1‘3(

= dy= [separating the variahles]

[dividing (x* + 5x = 3) by (x + 2)]
2

= Jr-IT+lx-'?lug|x+ +C

which is the required general solution.

EXAMPLE |3] Solve the differential equation

E= e ¥ + xle7Y,

dx

:;3:;?:' To make it in a variable saparable form, take ™ as
common. Sokve the resulting differential aquation by
applying the method of variable separable.

Sﬂ[- Given differential equation is

d - -
-l}-'-e' Yo xleY

=3 =e (e + x¥)

ElE &

= %n‘y-{e‘ #+ xi)de = efdy =(e* + x%)dx
€
[separating the variahles]

On integrating both sides, we get
Ie"::l‘y-f{e’ + x%)dx
= e me 44
3 x.l“ +1
['.‘Je'dx-e'mdjr"dx- ,whcrtni-l]
n+1

which is the required solution.

EXAMPLE |4| Find the particular solution of differential
equation % = —4xy®, given that y = 1, when x =0.

Get More Learning Materials Here : i

e @)

0% Firgt, soparate the vanables x and y and then integrate to

" find a general solution. Further, put the given condition in
tha geraral solution to find the value of arbitrary constant
ancl then put the value of arbitrary constant in the general
solution to find tha particular solubion.

5ol Given differential equation is
—=—dxy’ i)
[separating the variables]
Om integrating both sides, we get
Id—f- -.[4.1:&.1' =5 —I—-— 2
¥ ¥
1

2t =

which iz a general solution of the given differential
equation.

i)

= ]

Also, given y =1, when x =0
On putting x =0and y =1in Eq. (i), we get
12— = C==1
A0 =C
Om putting the value of C in Eq. (ii), we get
1 1
2 41

- — = -
¥ 2xt = (=1}

which is a particular solution of given differential equation.

HOMOGENEOUS
DIFFERENTIAL EQUATIONS

A function F(x, y) is said to be homogeneous function of

degree m, if F[x.ﬂ=-1"§(£] il J”{i]
x ¥

x+2

eg. Fix, ,}'} =— i5a hnmugl:m:nus function of
1+ 2[1]
dl:gn:l:ﬂ. as F[x.‘}':l =x" —_—
2
x

A differential equation of the form % = Fix, ;r] is called a

hnmug:nl:l:-us differential  equation, if F{I,}} 15 a

homogeneous function of degree zero.
Thus, if Fix, y) =g[l] or .ﬁ[i} then the differential
x ¥

equation is homogeneous.

cg. i=x+2_}l
de  x—y

153 hnmugl:n.mus differential eruation.
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METHOD TO CHECK WHETHER
GIVEN DIFFERENTIAL EQUATION IS
HOMOGENEOUS OR NOT

Suppose, a differential equation is given to us, then to check
whether it is hnmng:nmus or not, we use the fu“uwing
steps

L. First, write the given differential equation as

%= Fix, ylor %= Fix, y)

II. Replace y by Ay and x by Ax in F(x, y).
1. Ifit is possible to write Fx, }'1._1-} =a" Flx, _r:l. then
the given differential equation is homogeneous,

otherwise the given differential equation is not
homogeneous.

Mote Generally, we use this method, only when we have o show
that the differential equation ks homogensous.

EXAMPLE |5] Show that the differential equation
lenl:vum(l]i = yr:ns[i] + x is homogeneous.
x Jdx X
Sol Given differential equation is,
xcm(l]d—“v = yCos [l] +x
x Jdx x
d_y- yeos (y/x)+x
dx xecos (pfx)
Let F(x, yym 202 ¥/ X)+ x N

xeos (y/x)
O replacing ¥ by Ay and x by &x in Eq. (i), we get
A ycos ﬂ +Ax

Ax
AXcos [%}
- Aycos (y/x)+ x]
Axcos (yix)
-}‘."'F[x.yj

=n
o

Flix, dy)=

[from Eq. (1]
Since, power of & is 0 (zero), so F(x, y)is a homogeneous
function of degree (. Hence, given differential equation is
a homogeneous differential equation.

Hote In short, io check whether the given differential equation =
homogensous or mot, we check degree of each term of numerator
and denomingior of Flxy) I degree B same, then differential
equation is homogeneous, otherwise not.

Solution of Homogeneous
Difterential Equation
Suppose given differential equation is of the form

f{x. }}d’} = g[:x. J':]it. then to find its solution, we use the
following steps
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. Write the given differential equation in the form

dy glx, y) .
— = F(x, v), where Fix, y) = =——— ==l
dx b2 () flx, y) W
dx f{l’.. J'} .
— = Flx, y), where F(x, y)= ...1)
& 7 e )

and check whether it is homogencous or not. 1f
Eq. (i) is homogencous differential equation, then go
to next step.

II. Case 1 If Fix, ,}'}=b[l]' then put y=ux and
x
aly

I=u+x%in Eq. (1).

Case 11 If F[x.y}=fi[i], then put x=uy and
¥

dx di
=—=p+ y—1n Eq. [1).
& ""d; Eq. (1)

HI. Write the equation obtained in step I in vanable
separable form and then integrate.

IV. If case | oceurred, then replace v b}'l otherwise for
x

case [, replace v by bl in the equation obtained in

step 111, to get the required solution.

EXAMPLE |6| Show that given differential equation
(x = y) dy = (x + y) dx is homogeneous and solve it.

[NCERT]
Sol Given differential equation is{x = y)dy =(x + y) dx
or o xty -0
dr x=y
Let Flx,y)= 222 i)
x=y

Om replacing x by Ax and y by Ly in Eq. (ii), we get
Ax+ Ay - Mx+y)
Ax=y)

Fix, Ay)= = 4" Fix, ¥l

Ax= Ay
Thus, Fx, y)is a homogeneous function of degree zero.
So, put y o=
On differentiating both sides w.r.t. x, we get

dy dw

dx dx

dv x4+ vx dv 14w
Vb x—m = yh x—m=
dx  x=wx 1=w
dv 1+vw xdv 1l+w=—w+w’
= X—= - =

=
d.,'(' 1=y dx 1=y
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dv 1+
=3 ¥—=

dy  1=w
On separating the variables, we get
I-‘;a‘unldr
1+ v X
On integrating Imths.ides.wegetjl-vz dv-‘[ldx
1+w X
1 1 2v 1
- I|+v“d“-5‘li+u=dv-‘l;dx
= un"v-%lng|{1+vi}|llug|x|+f
2
= tan"[i]- lu;g[l+?—=] = log| x|+ C
x x
o]
x
/ 2
= 2tan"(ﬁ]-lug 1+4L2]-2[lug|x|+f']
x X
= Etan"lnlugM+lng|x|i+2f
x x°

oyt
xi

|x|=]+zc

[~ logm + logn = logmn]
= Etan"(%]—h;g[xg +y|=2C

i [ﬂ'llﬂlﬂf1r= +y'|=C,
X 2

which is the required solution.

EXAMPLE |7] Show that the differential equation
(x? — ¥*) dx + 2xy dy = 0is homogeneous and solve it.
[NCERT]
Sol Given differential equation is (x* = y*) dx + Zxydy = 0.
- § 2
EIE = ..Iv_.- x i
- dx Zxy -
-} 2
Let F(x, y)=&—— _Aii)
2xy

O replacing x by Ax and y by Ly in Eq. (i), we get
[.'-'..:.ljt +{hx) - fl.i{yi +x%)
Zix Ay 22 2xy
Thus, F(x, ¥)is a homogeneous function of degree zero.

K_:Inp‘l.m:i.ug_'|.|'-'|.:t'.|a.11||:!Iﬂ!—}l-'|.r+.rﬂ in Eq. (i},
dx dx

Flax, Ly)= =" Flx, ¥l

we get
N dr  vixt =t

v —

adx Zwxt
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. Id'v_vi-l v_-v!-l
dx Iy 2y
dv = =1
— sy _{ii)
2v
From Eq. (iii). we get
2 1
vz dv==_—dx
14w x

Om integrating both sides, we get
2w 1
dve—| —dx
'[1 + vt J x

= log|(1+v")|==log|x|+log|C|

purl+v® =t = 2vdv = dt

o L -Edr = log]r|= log |t + v*|

14w

= log|(1+v")| + log | x|= log |C|

= hg|[1+u=}x|-lug|f|
[ log m + logn = logmn]
= xl#vi)=C
2
= x{l + jr_i] = [ v £i|
X x
2, .z
= x[x ry ]--E‘
2
=+ x4y =Cx,

which is the required solution.

EXAMPLE |8| Find the general solution of
yidx +(x* —xy + y*)dy =0. [NCERT Exemplar]
Sol Given differential equation is
yide +(x" = xy+ y')dy =0

= Vide = =(x" = xy+ y* My
2 dx 2 2
= y—m=(x" =xy+ )
dy
dx ¥ x
= — e == -1}
dy [r* y ]

which is a homogeneous differential equation as

dy Ly
x
. Put—=wvorx=wvy

¥

=5 — =yt y—
dy dy
On substituting these values in Eq. (i), we get

v+ y:—:- =(v* =y 1)
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- j,d_"’. - by=l=y VERY SHORT ANSWER Type Questions
o Directions (Q. Nos. 6-9) Salve the following differential

v 2 .
P
= Fni}' -y Equﬂ"ﬂ‘ﬂi
dv dy [ EL_ X =1
=3 i ¥, .
2 41 ¥ dr  x“+1
Omn integrating both sides, we get 7 E}_ = Y
j- dv -j-_d_}' ax [All India 2015C]
v 1 ¥ dv
g & .‘Il-vl- A =2z y<
= tan~'(v) = =log|y| + C cir- yi y<3 [NCERTI]
= mn'd[i}+lug|y|-f [putu-i] 9 EL_'_ I—Ez-u
dr fl-x [NCERT]

which is the required general solution.

SHORT ANSWER Type | Questions

| TOPIC PRACTICE 2, I Directions (Q. Nos. 10-23) Find the general solution

of the following differential equations.

d )
OBJECTIVE TYPE QUESTIONS 10 (x+1) ﬁ'ﬂ}'

I The general solution of ¢* cos ydx — &* sin ydy =0 1 dy l=cosx

is E 1+ cosx [NCERT]

fa)e” cos y=k (Be“siny=sk

X . X ) : —di = 5in" ’

()e* =kcos y (@ e* =ksiny 12 Gemsin™ix (NCERT)

21 The general solution ::ul"{;[—:rf =2xe* ~7is 13 dy _xy+y
. dx . dr  xy+x
(a)e* ~¥=C ibje ™ +e* =0C dy
2 2 1‘1‘ — =

cle¥ =e* +C ide* "¥=C de (x+2(y+3 [All India 2017C]

3 The number of solutions afd—-y- J’—+1 15 & . l=x+y=-xy
xr x=1 dx

when y() =2is 16 x l-yzd.r+y‘lr1-7dy-ﬂ

{a) none {b) one

(c} two {d) infinite 17 ylog ydx = xdy=0 [MCERTI
4 Which of the following is not a homogeneous g dx .

function of x and y? I8 sin® x aqy = Ein ¥

(a) x* + 2xy b) 2x-y

Ay v 19 1+ y)tan™" xdr+ 21+ x¥)dy =0
(c) cos [;]‘f = (d)sin x=cos y [NCERT Exemplar]
2 2

5 The curve for which the slope of the tangent at 20 sec’x tan ydx +sec’ y tan xdy =0

any point is equal to the ratio of the abscissa to A v — i . =

the ordinate of the point is 21 cosx(l+cos y)dx =sin y(l+sin x)dy =0

(a) an ellipse (b) parabala 22 sin {ﬂ] =

{c) circle {d) rectangular hyperbola dx
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23

24

25

d
log [ﬁ] =3x+4y [All India 2017C]

Find the particular solution of the differential
equation e* tan y dx +(2=¢%) sec’ y dy = 0,

given that y = I whenx=0.
4 [CBSE 2018]

Given that % =¢ T and y=0 when x = 5 Find

the value of x, when y= 3 [NCERT Exemplar]

SHORT ANSWER Tvpe 11 Questions

26

27

28

29

31

32

33

34
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d_}' %
Sol =1 =—=2y"p
ve [x=1) ¥

Solve the following differential equation.
-EI tan }'-Ii[ - :1—!“11 S'EEI}'J)-' =0 [Delhi 2011]

Find the particular solution of the differential
equation .e‘+,|| - yzd:r + idy =(, given that y=1
x

when x =0, [Delhi 2014]

dr
Solve the initial value problem ¢dr = x + 1 p(0) =5

Find the particular solution of the differential

equation % =1+ X+ y+ xy, given that y=0,

whenx=1 [AIl Tndia 2014]

Solve the differential equation
% =1+xt4 yi + .tjyz, given that y =1, when

x=0. [Delhi 2012]

Find the particular solution of the differential
equation x(1 + }-’2] dy = Wl + x¥) dy =0, given that
y=1whenx=0

Find the particular solution of the differential
equation (1= yzl (1+log [x[) dx + 2xy dy = 0, given

that y=0when xr =1 [Delhi 2016]

Find a particular solution of the differential
equation (x = ) (dx + dy) = dx = dy, given that
yu=1 whenx=0. [NCERT]

35

36

37

38

39

40

H

42

43

e @)

If y(x} is a solution ar[“ﬂ]{fﬁ

— = =05y and
1+ y

¥{0) =1, then find the value of y{%}
[NCERT Exemplar; Delhi 2014]

Find the equation of the curve passing through
the point [D, %] whose differential equation is

sin x cos pdy + cos x sin pdy =0. [NCERT]

Find the equation of a curve passing through
the point (0, =2), given that at any point (x, }) on
the curve, the product of the slope of its tangent
and y-coordinate of the point is equal to the
x-coordinate of the point. [NCERT]

At any point (x, v) of a curve, the slope of the

tangent is twice the slope of the line segment
joining the point of contact to the point (-4, — 3).
Find the equation of the curve given that it
passes through (-2, 1). [NCERT]

Find the equation of a curve whose tangent at

any point on it, different from origin, has slope

¥+ L
x [NCERT Exemplar]

Find the equation of a curve passing through

the paint (1, 1), if the tangent drawn at any point
F(x, y) on the curve meets the coordinate axes

at 4 and B such that P is the mid-point of 4B.
[NCERT Exemplar]

Find the equation of the curve passes through
the point (1, 0), if the slope of the tangent to the
J,.' —
xex
[NCERT Exzemplar]

curve at any point (x, p)is

Find the equation of a curve passing through

the point {0, 0) and whose differential equation

oy .

is L =¢Tginy
dx [NCERTI

Find the particular solution of the differential

1'31:;1.:Lati1'_u'1ﬁ -X r:n-sec[l] = (0, y=0when

dy  x x

r=1 [All India 2014C, 2011]
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44 Show that the given differential equation is
homogeneous and solve it

¥ yixsin [ﬁ] =0 [NCERT]
dx X

45 Solve the following differential equation.
| l]dx 2_x? [l] =0
xy f‘E[I * I:}" X log T ¥

[Delhi 2010:C]

46 Find the general solution of the following
differential equation.

d.
xcus-t-t casl-i-xx:l]
[x]:ir = Ex] ’
[Delhi 20017C; All India 2014C]

dy
47 Sol = m 2y
vex-i-)dx ¥

48 solve (x* + P dy = x'ydx = 0.

49 Solve the differential equation
1+ x) (14 y¥)de +(1+ y) (14 x%) dy = 0.

50 Solve the differential equation

x* I%-.&:2 -2}'2 + X).

51 Solve the differential equation

.]-"-I-I{—iin X o= _}'Ex_
dx dx |All India 20186]

52 Find the solution of the differential equation
[x dy = ydx) ysin [Jl']- (¥ dx + x dy) x cos [—}i]
x x
[NCERT, All India 2016C]

53 Solve the differential equation
ye dx = (xe™ + y*) dy(y = 0).
[NCERT; All India 2017C]

54 Show that the differential equation
2y-e™7 dx & (y = 2xe*'7) dy = 0 is homogeneous

and find its particular solution, given that x =0,
when y=1 [NCERT; All India 2016; Delhi 2015]

LONG ANSWER Type Questions
55 Solve the following differential equation.
Jm[.vr2 -1]%-], y=0, whenx =2
[NCERT; All India 3012]

56

57

58

59

60

61

62

63

64

e @)

Find the particular solution of the differential

cody x(2logx+1) i
hon—=—————— that y=—
CAAOn e = Sin y+ycosy givenfaly=5

whenx=1 [Delhi 2014]

Find the general solution of the following
differential equation.

[r-x)=el+2)
dx dx ;] [All India 2016C]

Show that the general solution of the

differential equation L4 + M = is given
dr x*ex+l

by(x+ p+l)= Al =x= y=2xy),

where 4is a parameter. [NCERT]

Show that the differential equation

[x=¥) :‘:—P- x + 2y is a homogeneous and solve

. [NCERT; Delhi 2014]

Find the particular solution of the differential

equation (x - y]% = (x + 2)), given that y =0
whenx =1 [All India 2017]

Solve the differential equation
[x sinz[-x]- _}'i|:i: +xdy=0,given y= %.
x

when x =1
[All India 2015C, 2014C, 2013; Delhi 2001.C]

Show that the differential equation
dy
dx
Find the particular solution of this differential

x sin [ﬁ] +X = ysin [l] = () is homogeneous.
x x
equation, given that x =1, when y -%.
[All India tﬂﬂ_l]; Delhi 2013]

Show that the following differential equation is
homogeneous and then solve iL

y.ri_t+xlug|£

dy-2xdy=0
[NCERT; All India 2011C]

Find the particular solution of the differential
.o dy X .
uatan- = iven that y =1, when
“1 FrarL !

x=0. [Dhelki 2015]
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67

68

69

70

71

72

73

74

75

76
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Solve the differential equation
xzd'y + (XY + _;'2} dyx=0given y=1 whenx=1
[Delhi 2015]

Show that the differential equation

dy ey .
L }—115 homogeneous and also solve it

de  xy-x [All India 2015]
Find the particular solution of the differential
equation xzdy = (2xy + _yz} dx, given that y=1
when x =1 [All India 2015]
Find the particular solution

:.::3 +xl+x+l}j—y-1rz+x_y- L when x =0.
X

Find the general solution of differential
equation (x* - 3xy?) dr = ()® - 3x7y) dy-

Find the particular solution of the differential
equation (3xy + yzldx +(x?+ xy)dy=0forx=1
and y=1 [Delhi 2013C]

Show that the differential equation

(x ‘,||.r2 + yi - _}'21 dx + xydy =0 is homogeneous
and solve it

Find the solution of the differential equation

freo(d) e yon()re
[rn(3)-xeos( ) o

[MCERT; All India 2000C]

A population grows at the rate of 3% per year.
How long does it take for the population to
double?

The population of a village increases at the rate
proportional to the number of its inhabitants
present at any time. [f the population of the
village was 20000 in vear 1999 and 25000 in
the yvear 2004, then what will be the population

e i

of the village in 20057

B e

In a bank, principal increases continuously at
the rate of 3% per vear. An amount of ¥ 1000 is
deposited with this bank, how much will it be
worth after 10 yr?lzﬂj =1648) [NCERT]

In a bank, principal increases at the rate of
r% per year. Find the value of r, if ¥ 100 double
itself in 10 yr. (log, 2= 0.6931) [NCERT]

. dy  y+1
. Given that —
(&) G dx-

. (d) Since sin x = cos y can't expressed in the form x"g[—}

e @)

77 The volume of spherical balloon being

inflated changes at a constant rate. If initially its
radius is 3 units and after 3 s, it is 6 units. Find

the radius of balloon after r 5. [NCERT]
| HINTS & SOLUTIONS |
1. {a) Given that

e” cos ydx = e” sin ydy =0
= e* cos ydy = e* sin pdy
= dx = tan ydy
O integrating both sides, we get

x=logsecy + O
= x=C = logsecy
= sﬁ:y-e"c
1 e*

- cm_\r-g_":
= e*cos y=k [where, k = ¢°]

. () Given that %-21&'1"-21 g'z .g~¥

= et dy=2x e*” dx

On integrating both sides, we get
Jer dJ.r-J-Exe‘z d x

Put x* =t in RHS integral, we get

2x dv = dt
Je: d'y-‘rel dt
= efme’ +C
= T me* +C

x=1
- oy &
¥+l x=1

Om integrating both sides, we get
log(y +1) = log(x =1) = logC
I'__{y +1)=(x =1}
-.t. -11
¥+l
When x =land y=2 then C =0
So, the required solution is x =1 =0

= Cm

Hence, only one solution exist.

¥

X

or y"h[i] therefore it is not a homogeneous function.
¥
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5. (d) It is given that
dy_x
&y
ey = xdx
3 II
= LA —+C,
2 X
= Iz _ Jrl - [1
where, C =<2,
This equation is representing a rectangular hyperbola.
6. Given differential equation is

d_y_ x

dr  x*+1
= d—yn *
dr  x* +1

On separating the variables, we get
~dx

d
Jr-x‘+|

On integrating both sides, we get
X i
[dr=] FErTha ] Y=3

putx® +1=¢ = 2x dr = dt

+C=log|x® +1|+C

1
ytiluﬂf +1|+C

which is the required solution.
7. Hint Write the given equation as el"d}l = xdv and salve
it.

2:' 4
[A.u L =X, r:]
2 4
8. Given differential equation is %- ‘,||-1. -y

dy = dx

-y

On separating the variables, we get

On integrating both sides, we get

J e o
- a [2].m[ [ e [}:)]

= %-mn{rl-{']
= y=2sin(x+C},

which is the required solution.
9. Given differential equation is

.dE+ I;LZ-EI
dx 1=x"
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10.

11.

13.

e @)

T
= :_fxl_ 1=y
dx 1—x

On separating the variables, we get

r‘ dy!-;,—l dx
_},2 l-xl

On integrating both sides, we get

1 |
I:ﬂ,—-f dy--[r- = di
= sin” y=—sin™x +C
= sin"'x #sin"y=0C,
which is the required general solution.
Given differential equation is
[x+1) SE = 2xy

On separating the variables, we get
dy | 2x o
¥y x#l

On integrating baoth sides, we get

Id_-""-z .

¥ x+1
l (x +1]-1
= j j (x+1)
= I dynil’[dr I dI:I
¥ [.1'+1]
! 2|dx =2 —d_t
= og | y|=2[dx-2] —
= log|y|=2x=2log|x+1|+C
= log| y|=2(x - log| x +1])+ €,
which is the required solution.
Himt
(i) Use the following formulae
{a)l=cos x = Esintg
(bll+cosx= EED\S=§
(i} Write the given equation as dy = un:%d_tand solbve it.
x
[ﬁms. y= EtanE—x+C:|
Hint Evaluate I:’Ln"xdx by using integration by parts.
[Ans. y = x{sin™ x) + -..||I =x' +C]

Hint Write the given equation M[,}""l};’y-(r +1]d_r
¥ x

and solve it. [Ans. y=C x ¢~
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15.

16.

17.

18.

19,

20.

21
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Given differential Eq‘u.ntiun is
xy =(x+2){y+2) ]

Om separating the variables, we get

¥ d}r!r+2
y+2 x

dx

On integrating both sides, we get
I—Ld}'-jx + 2 dx

y+2 2
e
[;:zdy-jy—f_zdy-j%d“[%dr
- J.d}--zfﬁn‘y-!'dx+2_|.idx
- y-2log|y+2|=x+2log|x|+C

Hint Write the given equation as —j%- 1= xMi+ y) and
solve it.

2
[Ans. log|1+ ¢ = x-x?ﬂ:]

=¥

=

Hint Write the given equation as ,J a = dy = dy
l=x

and solve it
[Ans. -.,||I -x" 4+ 1||1- ¥y =0

Hint Write the given equation as dy = 2 dx and solve

ylogy x

it. [Ams. y=g]
Hint Use the formula, sin3x = 3sin x = 45in”* x

rﬁ.ns. me:_-,r-i::mx + Lms 31’!1‘_"1
] 1 12 |

ta =z
Hint Write the given equation as - f:.‘xl Y dy
1+x 1+ y
and solve it.
[

lﬁms. %[ta.n"x]‘ + log|1 + | = r:}

I I
Hint Write the given equation as EEX de +ﬂd}-!ﬂ
tan x tan y
and solve it. [Ans. tanx-tan y = C]

Hint
siny

{i) Write the given equation as T de= d
1+ cos y

+ gin x

{ii) Put i +sinx =u in LHS and 1 + cos y=v in KHS to
salve it.

[Ans. {1 + sin x){1 + cos y)=C]

22,

23.

24.

25.

e @)

Given differential equation is sin [jx—}l) =g

=3 —=3n a
Om separating the variables, we get
dy =sin™a dx
On integrating both sides, we get
Ir:l‘_v: Is.in"ﬂd_t = y=xsin"a+C
which is the required solution.

Given differential equation is log [i}—') =3x 44y
= d_,‘-'-enu;. = d_}l- EISE":I
dx dx

On separating the variables, we get
I—dy =gy
g

On integrating both sides, we get

e~ g¥

Ie"’d’y Ije”dx ::- ;

+C i)

which is the required general solution of given differential
equation.
Given differential equation is

e'tan y dr #(2= e Jsec” ydy =0

which can be rewritten as

e* tan y dx = {e” = Zjsec” pdy
= ﬂd}rl  _dx
tan ¥ et =12
sec” y e’
—d d
- Itan,!l-" J"L,_z "
= logltanyj=log|e* =2 C

[ [x 1
I-._.j%dx =log | f(x) |+ r:JI

= log | tan y=log|e* =Y =0C

et-;_'lrsl. ¢ [ logm = logn = lo E]]

e

= log

= H:L};!er [“logm=n=m=¢"]
e -
= tan y=e"(e" = 2)

f
Mow, it is given that y!Twhenx =

T g 3 .
LanT!e"{e"-:E] = 1= (1=2) = £ ==

Thus, the particular solution of the given differential
equation is tan y = 2=g".

Hint (i) _[e"d_p = _[m‘x

&
(ii}) Put y =13 to get the required value ufx.[.ﬂ.m. £ : l;I]
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Given differential equation is {x = I}:I—:"I =2x"y.
Om separating the variables, we get

dy  2x°

—_ =

¥y lx=1)

= d—"-z{ x ]n‘x = = [dex
¥ x ¥ =1

-1
, (x=1){x® + x +1) L1 ]dx
(x=1) (x=1)
[ a® = b* =(a = b} (a® + ab + F*}]

= ﬂ-z x’+x+1+;dx
¥y x=1

On integrating both sides, we get
Id—yli‘[[r‘+x+l +l—]dx
¥ x=1

i 2
= hg|y|-2[%+x?+x+lng|x—l|)+f

which is the required solution.
Hint Differential equation reduces to

dx = .[_Ed-" and for simplifying this put
tan y

e'-i-randtmy-z.[ﬁuy-tan'{egl]]

£
j[e’-l}

. Given differential equation is

= yidx + Ed’y =1
x
= e’.,ﬁ-y’dx- id}l
x
Omn separating the variables, we get

;I'l_d = xe"dx

O integrating both sides, we get

rdy-j'n

Om putting 1 = y -:,then-ydy:%inll—ls, we get
1 x
Imdt‘j“ dx
1 . d :
= E[E-.E]- xje dx -I[I{x]_[e d_t]t:l‘.r
= 1ﬁ-f-n‘—jt'dr [purdng t =1= y]
= ..ﬁ-y’-xe‘—r’h'__ i)

Om putting y =1and x =0in Eq. (i}, we get
l=1=0=¢"+C = C=1 [ e" =1]
Om substituting the value of C in Eq. (i), we get
ﬁﬁ —y =xe" - +1
which is the required particular solution of given
differential equation.

29, Given differential equation is

30.

e @)

dy

e =x 41
Mow, taking log on both sides, we get

%llug]x+l|

On separating the variables, we get
dy = log|x + 1| dx
On integrating both sides, we get
[dy = [log|x +1)dx

= _-,r-_[l-ln-glx+l|::l‘x

= J.rllu-glx+l|x-.[— x dx

= y-xlnglx+1|-[%dx

= J.r-xhg|x+ll-{j[I:i;dx-II:‘1dxll
= y-xlng|x+1|-.[dx+.[m

= y=xlog|x+i=x+log|x+i|+C ]

IthgnrenthatJ.rIE-.when x=0
o S=l-log(0+1) =0+ log|d+1|+C
= C=5
MNow, substituting the value of C in Eq. (i), we get
y=xlog(x #1)=x+ log|x +1]+5,
which is the required solution.

Given, %ll+x+y+xy
= d—y-l{l+x}+}l[1+x}
dx
= A )+ y) i)
dx
On separating the variables, we get
—  dy=(1+x)dx _Aii)
L+ y)

On integrating both sides of Eq. (i), we get
1
Imd}r = I{l + x)dx

I
= logl+ y]=x + I?+ C i)
On substituting x =1, y =0in Eq. (iii), we get
log Ji+0]=1 +IE+C
= C --% [-- logl =0]

Mow, substituting the value of C in Eq. (iii), we get
2
log 1+ y|=x+ -2
which is the required particular solution of differential
equation.
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Hint (i} Write given equation as, iry— ={14+x* )1+ ")

Further similar as Example 1.
(ii} Given that, y =1, when x =0
o By using these values in general solution, we get

19
an {lj=0+0+C = r:-T
3
R
Ans. tan"y!x+x—+—
304

Hint (i) Write the gi ti = _dx=—Y 4
(i) Write e equmtion 23— Ty ¥

and solve it.
{ii} Use x =0and y =1 to find the value of C.
[Ans. y* = 2x" =1=1]
Given differential equation is
(1= )1 + log | x|} dx + 2xy dy =0
On separating the variables, we get

(rloglel) 2,
x 1=y
On integrating. we get
I[l_+ M)d’x+j_2}r_zdy =
x x 1=y
1 . )
= togx| + LB _pogp - y1=tog ¢ -
Also, given y=0and x =1
|ng1+@-lng|1-ﬂ|- log

= D+0=0=logC
= log C=0
Putting log C = 0in Eq. (i), we get

tog o]+ LELU _sogp— a0

L BT [

. Given d.iﬂ'ereﬁtial equs]liun is

(x = y)dx + dy)=dx = dy

= de + dy == 4Y
=¥
O integrating both sides, we get
[idx + dy)= [ =2 i)
r=x
Putx = y=1r then dx—dy=dr

From Eq. (i), we get
.l:+y-j E-Ingl:l-l--l’."
t
= xéy=log|x=y|+C [putting t = x = y]_ii)
It iz given that when x =0, then y =-1
0+ ({=1)=log|0+1|+C

= C==1

[ logl =]

e @)

On substituting the value of C in Eg. {ii), we get the

required particular solution
x+y=log|x=y|-1

= log|x=y|=x+y+1
35. Given that ﬂd—yn —Cos X
14y Jdv
- dy ___tosx &
i+y 2+ sin x
On integrating both sides, we get
1 g "I CO5 X
1+ y Y Z4sinx
= log|1 4+ y|==log |2 + sin x| + log|C|

=log |1 + y|+ log|2 +sinx | = log |C]
= log|(1+ y}{2+sinx)|=log|C|

== (1% yH2+sinx)=C
=3 14 p=
y 2 o 5in x
= = =1
2+ sinx

It is given that when x =0, then y=1
1-%-—1 = (=4
O putting C = 4 in Eq. (i), we get
4
=1

24 ginx
f i 4 4 1
MNow, y[—)- :r-l- - -
2 2+:in; 241 3 3

36. The differential equation of the given curve is
sin xcos ¥ dy + cos xsiny dy =0

mxdr+mydy-ﬂ

=

oS X cos ¥

= tan x dv + tan ydy =0
O integrating both sides, we get
Itan xdr+jtan ydy=0
o o - -

= log |sec x| + log |sec y| = lag|C|
- log |sec x-sec y] = log|C'|
= sec x-secy=C

Since, the curve passes throngh the point (ﬂ. %}
Therefore, put x =0and y = % in Eq. (i), we get
sec [ sec E- C=C=42

On putting the value of C in Eq. (i), we get
sec x -sec y = of2
1
cos Y

X

-ﬁz-msy-%-

= BBEC X

s X

Hence, required equation of the curve is cos y = T

2

i)

i)
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37. Let x and y be the x and y-coordinates of the point on the
curve, respectively.

We know that the slope of a tangent to the curve is given

dy

by 2.

According to the question, product of the slope of tangent
with y-coordinate = y-coordinate

ie. y-%-x

Mow, separating the variables, we get
ydy=xdx
On integrating both sides, we get
z 2
¥ .= :
dy= |xdy = —=__ % i
Jrdv=] = (i

Since, the curve passes through the point (0, = 2),

=2y 4
Huerefurewehm'et 2] =04 =C-E-E

Om putting the value of C in Eq. (i), we get
E = x_i & 2

2 2
= ey +d=0
which is the required equation of the curve.

38. It is given that (x. y) is the point of contact of tangent to

the curve.
The slope of the line segment joining the points
(% ye) = (x, y)and (x, y,) = (=4, =3)

lﬁ-"r_“ sl fta t-"r M
x=f=4) x+4 [ ape ol g X, =X,

According to the question, slope of tangent is twice the
slope of the line segment.

n‘_y-z[}'+3)
dx x4

Mow, separating the variables, we get

"‘!_-"'.(i] dx
¥+3 x4
On integrating both sides, we get
Iilj[ 2 ]dx
y+3 x &4
= log| y +3 | = Zlog | x +4| + log | C]
= log |y +3%|= log | x +4|* + leg|C|
= I%M-hglfl [‘,']ﬂgm-hgn-]ﬂgﬂ]
|+ 4 n
- 43 _ - i)
(x +4)°

Since, the curve passes through the point (=2 1}, therefore
we have
(1+3)

—IIC':&-E' =]
(=2+4)

39,

40,

4.

e @)

On putting & =1in Eq. (i}, we get

[L%-l = y+I=(x+4)
X

which is the required equation of curve.
Hi.nt%i—ln :..l+i-u [Ans. y= Kxe"]

The figure obtained by the given information is given
below

¥
0. 298
. m Al
X X
'r'l'

Let the coordinate of the point F be (x, y) It is given that
F iz mid-point of AB. So, the coordinates of points A and B
are(2x, 0) and (0, 2y), respectively.

Mow, slnpen[.-i.ﬂ-—l}-!--lt
2x =0 X

Since, the segment AH is a tangent to the curve at P.
ﬂ-—l = EE-.-.J_I
dx x ¥ x
On integrating both sides, we get
log | y| = =log | x| + log|C|
> log [ yx] = log |C
= ye=(_C i1
Since, the given curve passes through the point (1, 1)
1= = =1
anuttmgl‘_"-lmEq (i}, we get

xy =1
It is given that slope of tangent to the curve at any point
}l-
x. y)is =
(x, y)is——
[d_r 2l oy y-1
dx b, X 4x dr  x"+x
- dy - dx
=1 x*4+x
O integrating both sides, we get
}'-I ¥ 4x
- -r jx{.r-i-l}

- )

= hg[y-1|-log|r|-hg|x+1|+Ing|1‘_"|
X
= I =1| = log] ——
og |y =1 EHII
=3 =]=
Y e

@g www.studentbro.in



41

43.

+

Get More

Since, the given curve passes through the point (1, 0).

1-
f=l=—— = (C==2

The particular solution is y =1 =

x+1
= (y=I1Mx+1)==2x
= (y=1)x+1)+ 2x =0

Himnt Id’y -J-e'sinxd_t
I..e*tl'-.[e'sinx::l‘x = [ =sin xje'ir-jmsrr'd_t
mn I I 114
= [me¢"sinxy=e"cos x=1
£*(5in x = cos x)
2

g"(sin x = cos x}+l_:|
2

+C

Ans. y=

Given differential equation is
dy_y +msec'[ )-ﬂ:d}lnl-:m[}l] -1}
dy x dr x x

which is a homogeneous

213

differential equation as

anunmgy-wand%-v+xjx—vin.£q. (i), we get
dv
V& X — = ¥ = COSeC v
dx

= x—v--cmv=5inutfu1-—
dv x
On integrating both sides, we get
Isin '|.rd"|.r--.[E
X

= =—oosve==log|x|+C

= cosv=log|x|=C
= 05 [l)- log|x|=0C l-Pthlil'lE'l.? -l-l .- A}
x ] «

Also, given y =10, when ¥ =1
Then, cosO0=logl=C=1=0-C=C==1
So, Eq. (i) becomes cos [l) = log|x|+1
x
which is the required equation.
Hint
(i) Show that the given differential equation is
homogeneous, ie. Fiir, .'I.J.r} =1"Fix, y)

-()-=(3)
(iii} Solve as Question 43.

e

(i) Write the given equation as
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45.

+6. Himt

47.

+8.

44,

e @)

xy log [1]

Hint Write the given equation m_

¥
x h:ug[ ) ¥y
x
Futy!m.thenv+xd—”-”_h5”_
dr  logw=+®
i dx
logvdv - [—dv= [
— I:.I' EL;;v v '[v v-J'I

-z
= v—zhgv-fi[vd}dvnlng [v]+log| x| +C

1
= — 144 w = log |vx|

[m x’[z log [{]H]H}-’ tug|_~.r|=1y‘f}

dy _ (2)e=(2)+ '
“ o)

(i) Substitute y = vx to solve it. [Am. sin[l] = log ||'___1'|]
x

(i) Write the given equation as

Hint

(i) Write the given equation as day =2- {i}
x ¥

(i} Substitute y = wx to solve it.

[Am.lug[y-xl-f+

(y=x) . ﬂ
1+[z)

!
{ii} Substitute y = v to solve it [A.n.'l Py +log | y|= C]
¥

Hint (i) Write the given equation =

Given differential equation is
(14 x)(1+ y")de + (14 p){1 &+ x")dy =0
— [1+I}dx+{1+‘ﬂdy-ﬂ
{1+ x%) 1+ ¥%)
[dividing both sides by {1 + x®) (1 + ¥*}]

Mow, integrating both sides, we get
.r {1 + I} .[ {I - jl'}
(1+x }

=I{1+x I|'1+x|l°‘|'7c""l.{|_'_lr "';_Lf}dy-n

dv 1 p Ix dy 1p 2y
='jl+_1:=l'.2-[l-l-:u"II:‘III'.-[1+y’l|-2jl+:..l*d'."--1:I

1 1
=t.n.11'°x+;hg|1+x2|+tan"}l+-|ug|l+y’|-l'_"

{105|1+.t |#log|t+y* |}=C

which is the required snlutlm:l_

=tan™ x +tan™" y +—
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50. Himt d z
(i) Write the given equation as Ey =1= Z(E] + [I}

x X

(ii) Substitutey = v Bﬂﬂ% =y rd—? to solve it

dx
{A %’rl (x| J
51. Similar as Example 6.

HultJ.rl-x—-E!x ;|.r—E Erx =X_-Y
x+y

[Ans. y* + 2xy = x" =]

52. Given differential equation can be rewritten as
xy sin (-E] dy = y" sin [%’) dx
= xy cos [l] dx + x* cos (—] dy
x X
= [ryﬂn(f]- x" cos (i]]dy
= E. i E.
[IJI' CO% [.r]+ ¥ sin [x]]dx
Xy cos [l) + y* gin [E)
:_fz - X X
& in[ 2] = x* cos (2
xy sin (r] x° cos [I)
11:05 ¥y i iisin ¥
d_}'_ x x ¥ x
dx lsin [l) = Cos [i)
x x x
[dividing numerator and denominatar by x]
Clearly, the given differential equation is homogeneous as

fzr.f[z].

MNow, putylux:&l- VX —

Pt

=

i)

dw
dx

i)

[+

dv  wocos v+ v sin v—v®sinv+vcos v
= yx—m=

From Eqs. (i) and (i), we get

dv veosv+visnv
'||"+I—'-'_—
dx VEIL ¥ = 005 ¥

¥ &N ¥ = CO5 V¥
dw 2v cos v
= —_——
dxr wsinwv=rcos v
On separating the variables, we get
¥ SN ¥ = Cos v

dx
dy=2—
V CO5 V X

Om integrating both sides, we get

I(m . -l] dv=2 j%

e @)

= lng|s-e4:vl-lug|v|=2|.ug|x|+luglf'.|
= log ?‘-lﬂglxr-lnﬂlfd

= lug -lng|l_"|
(2
=3 5ec1u = = =(, ['.'v- i]
'S J"{x} X
=(2]

=, =5 M(E]- Aap)
xy
which is the required solution.
53. Given differential equation is
ve Ty = {xe™T 4 Yy, y 20

R
o oo 7

and it can be written as, E =

i
dy g™ ()
dx dv
MNow, substitute x = vy = — =V + y—
dy dy
. From Eq. (i), we get v +},ﬂ. ve' 4y
dy e’
= oy,
dy £
— er_v_ ve' & E' = e’
dy P
= er_'l.? E i‘_
dy e
= e"dv = dy

On integrating both sides, we get
e'=y+C = e =y+C [putting ve £J
¥
which is the required solution.
Hn'ta-ﬁ.lﬂnaqﬂlnnlsrﬂhun‘ngam.ﬂmnnamha

Els__f[ ]mg[ JEIuthareuEha.lEBxpreﬂamuf

the type = in RHS. So, to simglify it put x = v
¥
54. Given differential equation is
2y-e"Mdx + (y = 2x ™) dy =0

= 2y.e"" El-{y =2y &™) =0
dy

= 2}--9"" d_x- 2y -g™F = ¥
dy
ETS —
- o ey i)
dy  Zy-e™?
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x.e™¥ =y

2
Let Filx, =
(x, y) 2y e

A x)e™ M — iy

. oy
- A(2x-e y}_
AiZy-e™™)

Then, F(ix, y) =

R[F(x, y)]

So, Flx, y)is a homogeneous function of degree zero.

Therefore, the given differential equation is a
homogeneous differential equation.

z{f]e“*-1
J'-'I]SIJ\. E-r_'-f{i]

dy . 2 -~

On putting x = vy and d—xnv+yd—vinEq.{ii}.weget

dy dy

- d_v_ﬂv-e'-l
ydy 2!'
dv  Zve" =1
—
dy Ze"

-y
dy  2ve' =1=2p¢"
= yom—
dy Ze
dy Z2e”
Om separating the variables, we get
26" dv =~ ﬂ
¥
O integrating both sides, we get
j 2e" dv == I d'_y
¥y

= 2" ==log|y|+C

= 2=~ log|y|+C [put['mg ve= £]{mj
¥

Also, given x =0, when y =1
Mow, put x =0and y =1 in Eq. (iii). we get
2e" =< log|l|+C
= lm+C = =2
On putting C = 2in Eq. (iii). we get
26" =-log| y|+2
= 2™ 4log|y|=2

which is the particular solution.

Given differential equation is
d) d 1

L - -—E-- -E!_

xlx I}dx 1 = A M =1)
ﬂ-; N - 2. -

= e I{.t‘-lj[.t-l-l}ll-a b ={a="bja+b)]

= dy dx

-x[x-lj[x +1}

e @)

Om integrating both sides, we get

dx
Idy.jx[x-l}{x+1}+c

= y=I+C LA}
where, I-IL
x{x =1){x +1)
1 A B C
_ =l +
Hx=1){x+1) x x=1 x+1

= l=Alx=1){x +1)+ Bx(x +1)+ Cx{x =1)
On comparing coefficients of x°, x and constant terms

from both sides, we get
A+B+C=0 i)
E=C=0 - i}
and -A=1
= A==1
Om putting A = =1 in Eq. (i), we get
B+Ce=1 v}

Mow, adding Eqs. (iii) and (iv), we get
2B=1=3B= L
2

On putting B = IE:iII. Eq. (iif), we get

l-f‘--l'_‘l:a-f_"!l

2 2
| 1
A==i B=—and C=—
2 2
1 =1 1f2 /2
Thus, = % 4 + !
x=1}{x+1}) x x=1 x+1

On integrating both sides w.r.t x, we get
oy =1){x +1)

=1 1 dx 1

— = | — +=

-'I. X EIx-l 2‘[

= I!-lﬂg|x|+%!ﬂg|x-1|+%1n5|.r+1|

dx
+1

x

Om putting the value of [ in Eq. (i), we get
y!-hg|x|+%1ng|x-1|+%1ug|x+l|+f ¥)
Also, given that y =0 when x =2
anuttil:gy--ﬂanﬂxnszq.tv}.weget
ﬂ--lng2+1Elugl+IEIugi+C
:&C-hgz-%logl-%logﬂ
:}C.lﬂEZ-Eﬂg'\E
2
=C=ln
B
On putting the value of C in Eq. {v), we get
1 1 2
=lo #—log|x=1|+—log|x +1]+]
y==log| x|+ Zlog|x =1+~ log|x +1]+log =

[ log1=10]

which is the required solution.
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Given differential equation is —E M
dx sin y+ ycos y
Om separating the variables, we get
(sin ¥+ y cos ¥)dy = x(2 log x + 1) dx
= sin y dy + y cos ydy = Zx log x dx + x dx
Om integrating both sides, we get

Isin_].rd_].r+IJl.rm: ydy !Ejﬁlnglxdx+jxdr
= = CcOs y+[}ljms ydy = H:—}I{yj’[ms ydy}dy]

= E[lng X de.r-j {i{lﬂg ijxr:l‘.r‘l dx] + 1.?2

e }I+ysi.ny-.[sin ydy

2 z 2

ESNY (I f DM D

[2 x 2 J Z

= =05 ¥4 yEin y+cos y .

-x‘lugx-jxd'x+x—

2
E 2

=ysiny=x logxr—-—+ —+
yan y B 3 2

=ysiny=x"logx+C i)

On putting y -Eami r=1in Eq. (i), we get

%nn[ ]!{I}zlug{l}+f_

n
= ==
2

[ EIIL% =1 logl = I]J
On substituting the value of C in Eq. (i), we get
ysin y=x" log x+%

which is the required particular solution.

. Himt Given differential equation can be rewritten as

dy dx i
= _ dy =
yil=ay) {x+a]:&j|:y+fi—a}lj] Y '[I-l-ﬂ

[Ans y = C(x + a){1=ay]]

Given differential equation is —'1'—I J"—}I—
e x4+l

On separating the variables, we get
dy N dx
Yey+l xP+x+l
Om integrating both sides, we get
J- dy R dx
P pel Xk xr+l
] >

ZORe)

o dx

=0

=
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59,

e @)

= dy . = =C
(i) -3 T (eg) o)
- [ — -
(w;) {?ﬁ] (15) {f]
R P A Y
= 3tan"[T_31 +:Eta.n" EEJ-E
[ [ mtem s
x ¥

[ tan™ x + tan”' y =tan™ [u}]
1= xy

Zy+1+2x+1
-1 ;5 -Jl.'
1_[4ﬂ+2x+22+l]
3

= tan

— 3{x + y+1)
J=(4xy + Ix + 2y +1)
. 23 (x + y +1) I
2{l=x = y=2xy)
= J:+J.r+1-;1‘3.mnk{1-x-y-2x}r:|
= x+y+l= All=x=y=2xy)

where, A = 5,. tan k is an arbitrary constant.
3

Given differential equation is
dy
—y)E=x+2
(x ,'I-'de’-l' ¥
t:l‘_y_.t+2_1.-
dr  x=y

Let Fix. y)= x+2}l,then
x=y

F(x,Ay)= 1:t+ 21!._1.1'_1:{.1:4-2}}- A x+2y)
Ax=Ay Ax=y) x=y
!lnF[x,yj

So, Flx, y) is a homogeneous function of degree zero.
Therefore, given differential equation is a homogeneous
differential equation.
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Also, the given differential equation can be written as

dy _143ylx) (l] i
dx - 1={xfy) =f X —
. dy dv | :
anul:tmg}lluxand;lu+ xd—mE.q.{i:I,weget
x

dv  x &+ 2wy
=

VX —
X=wx
dv 1+ 2v
= v x—=
dy 1=w
- Idu-l+21.? v
de  1-w
dv 1+ 2v=vsv®
= — ==
dx 1=v
dv 1+wv+v’
= A—

dy  =(v=1)
On separating the variables, we get

f"—"]'d.p.-ﬂ
LU R | X

On integrating both sides, we get
=1
-[ vid v+l

lj 2w =1) dy=m dx

24 viav+l X
2y =2 dx
- o = =
- jv LR 'E '|-I
1 {E:+1]-3d'v _IE
2 L TR L) | X
vl 3 dv dx
- de=2__2¥ _[=
j[-u-‘+1.r+|] ! zju’+v+1- -[ x
v 1-I |uz+'|.r+1|—1'[d-—”l-lu |x]+C
--2':"3 2 e ! .3 !
(u+—) ] ==
2 -+
[- pur v +v+l-t:{2v+1jdv-n‘: 1
(2w +1)
dv _-lc. = log |v* + v +1
2] S22 dum [ o] = g |I

i 3 dv
= —log|vi+v+l]|==
5 logl I-=]

Gl.

e @)

==log|x|+C, [-'-jxh: -—tan [ )

1 3 2 2v +1
= =log|vi+w+i|—-=
; g | I 233- (T

==log| x|+,
'3
o
1[ J"z J" 3 =L I+1]
= —log|—=+=+1]-=—=tan J
2 x x 2 43 ._.||3
==log|x|+C, [put:ingunl]
x
1 Y+axy+x® Ja af2y+x
= —log|2— 27" |_fitan
Elug : Fix
==log|x|+C,

1 £ 2 1 2
= Zlog|y" +xy+ x| == log|x]

_wfﬂ-tan"[iﬁg:—x]--lug|x|+f,
r"|.1:| M = logm=lo n]
| B~ log Ej

:%Iuﬂ }'2+1]F+III-IDE|I|-£HI[_J{3¥—I]
x

==log| x|+

= %Lug|f+1}'+xz|-'ufﬂ-tan4{2§;£]+f.
x
AR b o
x

= log|y* + xy+ x| = E«Etm"[zﬁgﬁ] +C i)
kS ‘_.t.‘_ #
[purring © = 3]
which is the required general solution.

. Solve as Question 59.

r 2 -1 2}'4‘1’ n
Ans. log|y* + xy + x |-2~.|[3-_t.a.n [T}-_1
3

X

Given differential equation is

Il-xsinz[l)- y} desx dy=10
x
dy J.r-xsinz(%] .
= = i)
dx x
¥- xsin‘[l)
Let Flx,y)= +
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.. af Ay
ALy=Axsin (Juc]

Then, Fiix, hy)= -
x
.Fl.[ y= xsin‘[i)]
== M)

Sa, —ji—ln Fix. y)is a homogeneous differential equation.

Putting y = vx and it—}l- v x% in Eq. (i}, we get

. zf VX
Vi = xsin’ | —
dv [r]

Vo Y=
dx x
= v+xﬂ-u-ﬂnz[v} =% xﬂ--sini{u]
dx dx
= cosec® v dy = =—

x
Om integrating both sides, we get

Ii:‘u:lrs.e::2 udv+j£=ﬂ
x
= -cutu+|n-g|x|-|‘_'

= —mt(£]+lng|x|=f_"

X

[putt:i.ng v= E] _{i)
x
Also, given that y = ;,whenx =1

=cot %l-lug |1|-f_‘

= C==l4d = C==1
S, the required particular solution is

= cot [E}I- |ug|x|- -1
x

= 1+ Luglxl-:u-t[l]lﬂ

x

Hint Given equation can be rewritten as
dy _y__t
de xS ¥
x

sin“-

x

(i) Let F(x, y)= L =
X

i 1 . 1
_F{:q_t.‘i_r‘r]-—x- - .li_. E.——
Ax :'..u:Lﬂ * :'..iJ:Ll
Ax X

=1"Fix, y}

Sao, the given differential equation is homogeneous.
On putting y = vx, then the given equation becomes

sinvdy = —£
X

[Am. oos Le lug[x[}
x

e @)

63. Hint Given differential equation can be rewritten as

Fix, y}lii—l-

Ex-xlng[l]

x

Verify F{ix, Ay)= F(x, y)
. dy dv .

On putting y=x and dx-p+xE, then given

equation becomes

v vx
vEr—=—
Ex-xlng[ﬂ]
x
dr  Z=logv
= [ AlEY .
vilog v =1) X

anunmglngu-:andl—dv-dr,wegﬂ
v

=1
—dt =1 +
[ di =log| x|

! .
= I[—l-I]dl'!lug|x|+t

=

log& =1
g.t‘

Ans. log =

. Given differential equation is

_drl"_'-—xL-F
de x4y () W
Dnreplacingxb‘}r}l_t._afdybylyin Eq. (i), we get
Fiix, ly}-r:z':%- A" Fix, y)

Thus, F(x, y)is a homogeneous function of degree zero.
Hence, the given differential equation is a homogeneous
differential equation.

an,plty-uxand%-u+x:—v in Eq. (i), we get

x
W v dv v
Wy — = =% oy -

14 v* dr 1+v*

dv  w=wv=2?
- e

== X —
1=%"
dv v
= N o =
dx 14wt
14w
= —dv=——
v x

Om integrating both sides, we get
I(L: ; l)d., - [
v X

= -#+lﬂg|u|--lng|x|+l_"
W
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= [ | J : -
= = —— o ==log|x|+C urting v =& . -
2yt & x| gl x| PUEE ¥ =y = E_= [( ) [pun'mg ve l]
x

2 ¥ X
242
= = — +log| y| - log| x| = =log| x| +C x
¥ z
i - _L.[E]
== +log|y|=C 1] y+ix \x
2y’ It is given that y =1, when x =1
It is given that y =1, when x =0 " oY 1
From Eq. {ii). we get —_— [_] = =t
|-':'E|1|'C 1+ 2 1 3
o Hence, the particular solution of given differential
=3 C=0 = -2 + log | y| =0 equation is .
Iz .‘: Y -iz
= lugl}l|!F:J.r!e” ¥+ixr x
¥ y i
which is the required solution. = y + 2x -E

65. Given differential equation is

= 3x"y= y + 2x, which is the reqguired solution.
dy+(xy+ y')dx =0 vy -

Gh. Hint (i) Show that the given differential equation is

= Ky m—{xy+y' )i homogeneous. ¥ 2
- Ex.-[yr_*;ﬁ] " [;]
dx X (ii) Write the given equation ME- 3
z . =1
- EE.-(E]-[E) i) [I )
dx x x y
{iii) Substitute y = vr to solve it. [Am. ==log|¥= C]
which iz a hnmugeneuus,uiixl _r‘[i} X
dx x 67. Given, x%dy =(2xy + y')dx
anul:tingy-uxmdﬁi-ul-xd—vinEq.{i],weget = "‘!_}'_ 2_1}'+}'=-H+ iz (i)
dx i dx x* x x
d
'|."a|-.'erll'?-—m-'l.l'1 [the given d.iﬂ’er;ntial Equa‘lcdjlnn is homogeneous]
. = _1- ._" ’
- xd—vl-zu—uz On putting y = vx and o v+xdmeq.{1j.weget
= ! _dv=-lav V+Id—v!2£+v2x;lzv+v’
v+ v’ x dx x
1 1 dw :
= d'l."--—d'x = IE- LU O 1
vi2+ w) x . .
2 1 = dv = —dx
———dv==—dr
= PR el ( v{u+11 x
LS B 11 1
141 1 1
== dv == —dx :[—- ]n‘u:—dr
- E[v v+2] R vovdl X

Om integrating both sides, we get
1 1 1
I:dv-Imdle?dx
= logv-log|v+1|=log|x|+ log|C]
log | —— |=1log |C:
= ﬂg|p+1| og |Cx|

¥
y+x
]: When y=1 and x =1, then

= %j%du-éjvizdv--lidx‘ilugf

:IElug|v|-%lug|u+2|--lug|x|+lugf_‘

=

=Cx i)

1
—-f:.c'-l-
1+1 2
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On putting the value of C in Eq. {ii). we get

¥ 1 H
—x = 2 *
J.r+x-EI yEsres
= 4+ xy-2y=0
. Given equation can be written as
dv = 2x’ + x
Y (x +x* + x+1)
On integrating both sides, we get
2xt 4 x
d
I'}' j[x +x°# x+1)
- r""-j x4 x
(x#1){x* +1}
Let 2x' 4 x - A Bx +C
(x+1){x*+1) (x+1) (x*+1)
- 2x* 4 x Alx® #1) % (Br + C){x +1)
(x+1)(x" +1) (x+1){x*+1)
= Xt x=x A+ B+ x(B+C)+(A+C)
= A+B=2 B+ C=1land A +C =0
= A-l—,Eniandf_‘--l—
2 2 2
3 1
1y 1 . 3 2,
= y-—.[ dx + < dy
{x +1) (x +1j
- +1|+ — - | ———dx
- "= lu;g|.t I+ I +1j j[x +1)

Put x* +1=1t, then Exd:r!dt

¥ -IEluth +1| + %luglrl-%tm"x +C

= y= ;—[Iug{{r + 1P x* +1j’}]-%txm"x +

When y=1and x =0, then
i=C
.. The required particular solution is

y-iﬂug f{x +1F (x* +17)Y] -lil.an"'x +1

69, Given differential equation can be rewritten as

-2

J-o(2)

which is a homogeneous differential equation, as

ay x‘-ﬂ-x}rz_
dr  yt=3x"y (

i)
¥
X

dy .v]
—_— _
dx f[x
: dy dv .
Om putting y = vx and — = v + x — in Eq. (i). we get
dx dx
= v+xd—v- kL
de v =%
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dv  1=%"
= ¥ —=— -
de v =73
dv  1=3° =v' + 3¢
= —
vo=3
dv  1=a"
= ¥—=—
dr  vi=3w
{1.?}—31.-] dx
= - dy = —
i=vw x

On integrating both sides, we get

= |

1=v"

= [=-3i,= lug[f‘.\:]

v =3

=

}du j_
=

— )du = log | x| + log|C,|  --{ii)
L]
dv =3 [ ——dv=log|C]
1=v

i)

dr

Put1=+' =t then = #v’dv=dt = v du--T

=28 o g == Liog )t = v
o= =2 == Lot =~ Tiogi - v

vdv

= 1= 4
v dv [putting ¢ =1=v"]

am:lJ':-I

l=vw

=]

1_[1;:}1

Futv‘-z,thenvd'u-%

Let]

1
4

- 1 lng I+z|
1-2" 2x2 |i-z|
dx 1 a+ x
.-j 2 1-—I
N a —-x Za a-x
1w [purting = = v*]
1=w¢ purting

On substituting the values of [, and I, in Eq. (iii), we get

1 3 1
- Zlogli-v-2lo
" gl [ i

+ v
— = log |Cx|

= -'—lﬂsﬂ-v'![“”:]-tns|c.x|
4 1=w
= -ilng [1-u‘u|+-.-‘j:<““':j: = log | C x|
4 (1=v7)

= log I+v::|‘ = log | Cyx|

1=v7)

e

5] =
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Get More

i+

oy = ()

[raizing power (= 4) on both sides]

{“;]' 1

== T- I'_':J:' [puu:il:g V= -f}
[-¥)
- {xz + Jrlj'l - 1
I‘{xi-ylf C;‘I‘
= (x =y =Clx + )
= (x* = y")=Cl(x"+ y*)F  [taking square root]
= xt =yt = 0"+ Y [putting € = C]

which is the required general solution.
Himt (i) Write the given differential equation as

%__H%JE[]%T]_

(i) Substitute y = vx to solve it.

(iii) Use x =1and y =1 to find the value of C.
[Ans. y'x® + 2px” = 7]
Hint Given equation can be rewritten as
F(x, y}-ﬂ-?_‘x*ﬂ i)
dx xy
Verify F{hx, hy)= L"F(x, y)

On putting y = wvx and-ix_- v+ r%, then given equation

becomes
dv v —4.||I v
Wl N — e
v
dv -ﬂ.lll + v
=% X —
v

[Ans ofx + " + x log | x| =Cx]
L‘riwn.{x cos [£]+ ¥ sin [l]} ydx
x x
-{J.rsjn[l)-xcm (-E]} xdy
x x
Lyysnd
. _dz-y<xmsx+ygnx}

dx I{J.rsini-x:ns l}

X I

i)

Clearly, the given differential equation is homogeneous.

Om putting y = wr and %‘- Vb xit—“inEq. (i), we get

73.

dv  vx(xcos v+ vxsinv)
v x —=

dy  x{vxsin v = x cos v)

n‘_u-u{fm v & vsin v)

= w+x .
dx v §in v = cos ¥
T -
dv wveos v+ v sinwy
= —!.—-p
dx V50 V= Ccos v
T . T -
dv veosvev sinv=visinv+vcos v
= X —= -
VED Y = C08 V
dv v oos ¥
= X —=

dx  wvsinv=cos v

— [u:’mv-ms v}dunidx

V Cos v x
1 2

= tan v =—|dv=—dx
v x

Om integrating both sides, we get
[ 1] 2dx
I tan v = — [dv= | —

W X

= jtmvdu-_[l:dvnz_[%dx

= =logleos v|=log|v|=2log|x|+C
= log|veos v|+ 2log| x|==C
[+ log m+ log n= log mn]

= log [(v cos v) x’|==C
= (veos wix'=e™ [vlog, x=m = x =¢"]
= voos ve A [consider A =&™]
= v Lcos L=a r|:u|.1t|:i::|.;g ve= -E-l

x x [ IJ
= Xy Co8 Y = A, which is the required solution.

x

Let F, be the initial population and the population after

I years be P.
According to given problem, we get

.d_F = [i] w P
dr 106

df _ F
= —=
dr 20
Mow, separating the variables, we get
dP _ di
—
F 20

On integrating both sides, we get
1.:5::.%”:, [P 0]
= P =" = 5 = O where 5 =0
= At t =0, P= P, therefore we have B, =C .e”
= C=F
Thus, P= P "™ (1]
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Mow, let t yr be the time required to double the
population. Then, we have

2‘:; - P.!I'l_
= =gt = hgi-;—ﬂlnge
= =20 log2 [loge =1]
Let y be the population at time t, dﬂend—yu ¥
t

= Z—y!k}',whﬂek is a constant.

iy
= :—ii = ki

¥
On integrating both sides, we get

log |Wl=kt +C [-y=a] i)

In the year 1999, { =0, y = 20000
From Eq. (i). we get
log 20000 = k(0) + C
= log 20000 = - Aii}
In the year 2004, f =5, y = 2500
From Eq. (i), we get

log 25000 = k5 + C
= log 25000 = 5k + log 20000 [using Eq. {ii)]
25000 5
Sk =1 log|=
- - Dg(zwn]' E‘3(4]
1, 5
k=_log=
- °5 8

For year 2009, t =10 yr
Mow, putting the values of £, k and C in Eq. (i), we get

log y= lﬂx%lug (15] + log{ 20000)
= hgy-lng[?ﬂmx[é]]
[~ logm + logn = log mn]
= y= EMHE}CE
4 4
= ¥ = 31250

Hence, the population of the village in 2009 will be 31250,
Let P and t be the principal and time, respectively. It is
given that the principal increases continuously at the rate
of 5% per year.
given that the principal increases continuously at the rate
of 5% per year.

& nofr =5 p

dt dt 100
On separating the variables, we get
dfF 1

—_—

On integrating bath sides, we get

dP 1
I?- I-ﬁ-df

= log(P)= ﬁ: . [ P> 0] ..}
Mow, initially t = 0and P = 1000, we get
log 1000 = C _{ii)

e @)

On putting the value of C in Eq. (i), we get

1
log {F)= —t + log 1000
g{F) = I

I
log( P)=log 1000 = —
=% E{ ) og -m

= lng[iJ-Lr
1000 20

‘When ¢ =10, d!enlug[ﬁ]-l—xlﬂ-

[ log m=logn= Ingﬂ]
n

20
= =" log x=m = x=g"
10040 [ B ]
= =" =1 648
1000
= F = 1000 = 1648
= P =1648

Hence, after 10 yr, the amount will worth ¥ 1643

J6, Similar as Question 75. [Ans. 6.93%)
T, Let the rate of change of the volume of the balloon be k,

where k is constant.
Then, di{'u’nlum} = Constant
It

= 22 rrr’] =k [ volume of sphere = 1:‘:r’}
dr 13 3

= ()

On separating the variables, we get

qgnr’ dr=k dr 1]
On integrating both sides, we get
anfrdr=k|d
3
= -i.:tr? =kt +C
= dmr' =30kt + C) i

Mow, initially t =0 and r =3, we get
An(3P =Yk =0+ C)
—, 1087 = 3C
= C =341
Also, when t =3, then r=6
=3 O =341
Also, when t =3, then r=6
Therefore, from Eq. (i), we get
dn(e) =Wk %3+ C)
= 8647 =33k + 367}
= 3k = ZRAM = 36/ = 2520
= k=84r
Omn putting the values of k and C in Eq. (i), we get
4mr’ = YR4mt + I6%)

= 4mr' =4m(e3t + 27)
== F =63+ 27
= r=iad + 27"

which is required radius of the balloon at time ¢
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|TOPIC 3|

Linear Differential Equation
A differential equation of the form

dr.l_}' .tf'-] ¥ ﬂu-],l" .d:}'
v T +A, — +4, 2 +..+ A E+ A ry=0Q
where, Ay, A, Ay, A, A, are either constants or
functions of independent variable x, is called a linear
differennal equarion.

d? y ad 'y

g n"xl +x itl

A

+2 .1c_:|.l=_1rl is a linear differental

d? :
equation, but xy ’}I+E[i] +ay=x 15 a non-linear

e’ dx
differennal equarion.
Mote Linear differantial equation is always of 1 degrea.

Linear Difterential Equation
of First Order
A first order differential equation in which the degree of

dependent variable and its derivative is one and they do not
get multiplied tng:rh:r, is called a linear differential equation

Get More Learning Materials Here : i

of first order.

Here, we will study two types of linear differential equation

of first order, as given below
Type 1 A differennial equation of the form % + Py=0Q,
where  and €} are consrants or funcrions of x only.

eg E+1j=:lnx.IIﬂ:.P:EmdQ:sin .

Type 11 A differenrial equarion of the form % +Pe=0

where P and €} are consmanis or funcrions of y only.

dy  x 3
Ef —=—= .
¥

IIﬂ:.P:-lmdQ=_r1.
¥

In e I, x 15 the dependent wanable and is the
ind.ct;vtpndcnt variable. P !

Integrating Factor (1F)

Linear differential equations are solved when they are mulaplied
by a factor, which is called the integrating factor, because by
multiplying such factor the left hand side of the differential
equation become exact differential of ame funcrion.

For t_',l'pt] Differential equation, IF is 77
For type 11 Differennal equanon, IF s r“"".

e @)

EXAMPLE |1|] What will be the integrating factor of
given differential equation y dx + (x — y*) dy = 02
Sol Given differential equation is
ydx #(x =y )dy=0

dx
= _'|.r5+{x-_v2}-ﬂ

= —+x=y
yd’y ¥
dr 1 L )
= —d}l+;x!y[d1mdm,gboﬂ1udesb}ry]

whichjsnf'thefnnn;i+ Pxr=(.
¥

Here,F!lF and Q=y

1
—dy
. Integrating factor, [F = eJHr = eI ¥

- el‘-? =y [._. Ew[ﬂ = IEI}]

METHOD TO S0LVE FIRST ORDER LINEAR
DIFFERENTIAL EQUATION

To solve a first order linear differential equation, we use
the following steps
I. Express the given differential either in the form

dy
_+ —_—
re Py=0 or
IL If the given differential equation is of the form
d
Eﬂ Py=Q, then identify P and @, which are

dx
& pe=0.
5 e

constants or functions of x only.
III. Find the integrating factor [F by using the formula
I
IV. Now, the solution of the given differential equation
is given by
yIF = [(QxIF) de+C
In case, the first order linear differential equation is

ax
of the form E+Px={1.whcr: P oand ) are

constants or functions of y only.
Then,IF = rlh'" and the solution of the differential
equation is given by

xIF= [@xIF) dy+C
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EXAMPLE |2|
differential equation % +(secx)y = tan x, (t] <x< g]_

Find the general solution of the

[NCERT; All India 2012]
Sol. Given differential equation is

ﬂ+I:sv.=.'n: x)y=tanx
dx

This is of the form %+ Fy=0.

Here, P=secx and Q =tanx.

Pidx dr
Now, Integrating Factor, IF = E‘I = e-[ FE o gloalseex s axl

=sec x + tan x

and the solution of differential equation is given by
yxIF = [(QxIF)dx+C

= y-(secx+tanx)= Itanx{secx+tanr)a'x+C
=.|-tan:rsecr dr+I tan’x dx +C
=secx+—F{seczx—1]dx+C
[ sec® x —tan® x =1]

= y-(secx+tanx)=secx+tanx—x+C,
which is the required solution.

EXAMPLE |3| Find the general solution of the
d
differential equation e ™ E}' +3e¥y=1
Sol. Given differential equation is e* :r_}r +3ey=1
=2 e’ [d—“"'r +3 y] =1
dx
dy =2y
L isy=
= d_-,_- ¥y &

d
This is the form of E}'+ Py=0Q.
Here, P=3 and Q=¢™

. Ej s
Mow, Integrating Factor, IF = =g
and the solution of differential equation is given by
yxIF= I(Qx[Fjir+C

= }'xe“=_|-{e_n><£h}dx+C=Jerdx+C
=2 yer=e* +C

which is the required solution.

EXAMPLE |4| Find the general solution of the
differential equation (3y° — x) dy = y dx.
Sol Given differential equation is
(33" —x)dy= ydx

dx
= 3y2—x=y—
dy
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e @)

d
= yﬁ+r=3}v2

= dx +x X 1. 3y [dividing both sides by y]
dy y
. dx
This is of the form d_+ Px=0Q.
¥

1
Here, P=—and Q0 =3y
¥
Now, Integrating Factor,
1
—dy
IF= E,J”-'" = EF ¥ooo E,lﬂﬂ =y [._.Elﬂﬂ[ﬂ = fI:I}]

and the solution of differential equation is given by

xxTF= [(QxTF)dy+C

= I><y=_|-3}'><ydy+C=3_|-yzdy+C

i

3
= xy= ;:’ +C = I_V=}'=+C

which is the required solution.

EXAMPLE |5| Solve the differential equation
dy
H

X' =1)—+2xy= .

( ) dx ad x' -1
[Delhi 2014; All India 2014C]

Sol Given differential equation is (x* —1) d_y + 2xy = 22
dx x" =1
On dividing both sides by (x* —1), we get

Dy Pyt )

dx x'-1° (x'-1)

which is a linear differential equation of the form

dy
_+Py=Q
dx
2 2
HerE,P=z—r and 0=——
x° -1 {(x* —1)
Fig
Now, IF =EIM=EI = e P

cputx®—1=t= 2xdx=dt

lj’ 2 dx = [Ldt = log 1] = log|x=—1|J
t

x -1

and the solution of differential equation is given by
y xIF= [(Q xIF)dx +C
2

= y(x’—1)=1ﬁ-{x’—l}dﬂ:+c
= y(:rz—1]|=_|'[1_22_” dx+C
2 x—1
= o= log| — |+ C
y(x =1 2x1 B x+1

xX—a

xXx+a

+c]

1 1
['I-I"'—a’dx=£1ng

which is the required solution.

@ www.studentbro.in



TOPIC PRACTICE 3|

OBJECTIVE TYPE QUESTIONS

1 The integrating factor of differential equation
cusxﬁ + ysinx=1is
dx
(a) cos x (b) tan x
(c) sec x (d) sin x
2 The integrating factor of differential equation

(1- x’]%—xy =1lis
(a) - x (b)

X

14+x°

(£)4f1 = x? {d}%log{l—xz}l

3 The solution of x% +y=¢"is

@y="+% (b) y=xe” +cx
X x
¥y
(© y=xe* +k @x=+ X
y U
4 The general solution of differential equation
Yy =e? + xy is
(a) y=Ce™ " (b)y=Ce*"*
@y=(x+C)e”  (@y=(C=-x)e*"

5 The solution of differential equation
14 + 2 =sin xis
dx  x
(a) x(y+cos x)=sinx+C
(b)x(y=cos x)=sinx+C
(e) xycos x=sinx+C
(d) x(y+cos x)=cos x+C

VERY SHORT ANSWER Type Questions

6 Find the integrating factor of the differential
e ¥ ] dx

NE

equation (

7 Find the integrating factor ofx% +2y=xcosx.

8 Find the integrating factor of }';E +x= }'3,
Ly
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dy [Delhi 2015]

9 Write the integrating factor of the differential
equation

(1+ %)+ (2xy - cot y) % =0. [All India 2015]

SHORT ANSWER Type I Questions

10 Find the general solution of the differential
dy 2y

equation — 4+ —=x.
dx x [Delhi 2017C]

11 Solve Id—:}"+ ¥ =cos X —sin x.
dx

dy
12 Solve —+ 2y =
dx ¥

13 Solve @ _ 2y=cos 3x.
dx

14 Solve the differential equation x% +y=x°

given that y=1, whenx=2.

15 Solve ydx +(x — %) dy =0.

SHORT ANSWER I Type II Questions

dy
16 Solvex — — y=log x.
dx Y &

17 Solve the differential equation
COSI-% +2sin x- y=sinx-cos x.

18 Solvecos®x & +y=tan x.
dx [NCERT]

19 Solve the differential equation

1+ x%) @, y=e=
dx [All India 2014]
20 Findthe general solution of the differential
tan™! ;}d_y - G .
dx
[Delhi 2016; NCERT Exemplar]

equation (14 ") +(x —e

21 Find the general solution of the differential
equation (x + 2y%) le =y.

1

1+x
x=1. [NCERT; Foreign 2011]

22 Solve {1+12)%+2!}’= =, where y =0 and

23 Solve x2+ld—y— =(x+2(x*+ 1.
( }rir 2y =( 4 ) [Delhi 2019]

24 Solve the differential equation
(1+ x*)dy + 2xy dx = sec’ x dx.
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25 Find the general solution of the differential
equation (xlo x}d—y+ —gln X
q g dx ¥y T gX.
[Foreign 2014; Delhi 2010]

26 Solve the differential equation (y + 3x%) ;ﬁ= xX.
i

[All India 2011]
27 Find the general solution of (x + y) ay =1
dx  [NCERT]
28 Solve the differential equation
dy 1
)= +2xy= .
(- ==+ 2y = 55—
29 Solve the differential equation
(tan™ x — y) dx = (1 + x7) dy. [All India 2017]

30 If y(t) is a solution of (1 +f) Z—‘]; —ty=1and

¥(0) = -1, then show that y(1) = ?1
[NCERT Exemplar]

31 Find the particular solution of differential
dy ~ x+ycosx

equation — = . given that y =
1 dx 1+sin x g y=1

when x =0. [All India 2019, 2016]

32 Find the equation of a curve passing through
the point (0, 2), given that the sum of the
coordinate of any point on the curve exceeds
the magnitude of the slope of the tangent to the
curve at the point by 5. [NCERT]

33 Find the particular solution of the differential

equation g+2_vtan x =sin x, given that y=0

when x = 1
3

LONG ANSWER Type Questions

34 Solve the differential equation
dy = cosx (2 - ycosec x)dx given that y=2,
when x = /2.

35 Find the particular solution of the differential

equation xgx!- +y—-Xx+xycotx=0,X # 0, given

that when x = E,y =0
2 [Delhi 2015C, 2011C]

36 Solve % - 3y cot x =sin2x, where y =2 and

X=

NA

[NCERT; All India 2015C]
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37 Solve the following differential equation
jr—y+ ycotx =4 xcosecx, given that y =0, when

x=m/2. [Delhi 2012C; Foreign 2011]

38 Solve the differential equation

(x* +l}%+2xy=q‘xi+4.

39 Solve the differential equation

xjx—y+ ¥ =xcosx +sinx, given that y =1 when

[Delhi 2010]

X=

ra | =

[Delhi 2017)]

40 Solve the following initial value problem
(X" +1)y -2 =(x*+2x" +1)cos x, y(0) = 0.

41 Find the particular solution of the differential
equation (tan™ y—x)dy=(1+ y”)dx, given that x=1,
when y=0. [Delhi 2015; All India 2015]

42 Solve the initial value problem
ye'dx = (y® +2xe” )dy, y(0) =1
43 Solve the following differential equation.

(1 +x%)dy+2xydx =cotxdx,x =0
[All India 2012C, 2011]

44  Solve the initial value problem
(x —sin ») dy + (tan y) dx =0, y(0) = 0.

45 An equation relating to the stability of an
L dv .
aeroplane is given b E= g coso— kv, where vis

the velocity and g, o k are constants. Find an
expression for the velocity, ifv=0att=0.

HINTS & SOLUTIONS

d
1. (c) Given that cos PPl A ysinx =1
dx
dy

= — + ytanx =secx

dx

Here, P =tanx and Q =secx
Pdx an x dx
IF=el ™ = ol ™ = gl

=secx

2. (c) Giventhat (1- xz)d—y —xy=1
dx

= b S

which is a linear differential equation.
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_I rzﬁ
]F= e I=x
Put 1-x*=t=— 2xdx =dt
di
= xdx = — —
2

Lp it 1 1
4= —logt —log{l=x*}
Now, [F=¢% ! =g? =g¢g? = 1-x*
3. (a) Given that rd—y+ y=e"
dx

d_y+l=i

de x x
which is a linear differential equation.

=5

1
IF= ef?dx =gl = x

The general solutionis y-x = _F[P— x] dx
x

= yox= J-E'”ir
= y-x=¢ +k
e’k
=1 }r=_+_
x  ox
4. (c) Given that d_y =" 4
dx
d}’ £z
= _— =g
i xy
Here, F=-x, Q=£mz

]:F=Ej_nﬂ=e_m2
The general solution is
-xiz -xfiz  xiz
yoe =—Fe et dysC

= ye_xl'rz=j1dx+C
= }r-e_mz =x+C
= y={x+C]e'2u

5. (a) Given differential equation is

d 1
_}J'+ y—=sin x
dx x

which is linear differential equation.

1
Here, P=—and Q=sin x
x

1
IF= e‘F:Jx = =y
The general solution is
y-x=II-si.nxdx +C A1)
= xy=—xcos x+sinx+C
[integrating by parts]
= x(y+cos x)=sinx+C

6. The given differential equation can be rewritten as

- __¥

o Jx  x

dy e o
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10.

11

12,

e @)

—zJ';
da fx Jx

which is a linear differential equation of the form
dy
- 4 -
I Py=0Q
=fr

Here, P=jl;- and Q=ej;-.

fois L
an,[F=EjM'=eﬂ =Ej?: =ez‘ﬁ

d
= Dy L-F

. Salve as Question 6. [Ans. x7]
. Similar as Example 1. [Ans. y]

. Given equation can be rewritten as

dy .
(cot y — 2xy)=—==1+
y Xy Ix y

cot y — 2Zxy _ dx

=
(1+y*) dy
dx  coty 2xy
= T oTr s Tiat
y 1+y 1+ vy
dx 2 t
= + Y =Ly

E 1+yz- _1+y2

which is a linear differential equation of the form

d
_I+P‘_1-=Q
dy
2y cot y
Here, F = - and Q= -
1+y 1+y

zy
=iy
Now, [F = ejmy = eJ eyt

Put 1+ y' =t = 2ydy=dt
i
[F=eg ¢ =|z'l°“”m=t=1+yZ
2
—d
Hint (i:.IF=eJ W o prlors _ et 2

(ii) Solution is given by y- x* =I x-xidx + C
2
rA.us. yv= Iy Cx_z-l
AR
Hint
(i) IF=e"
(ii) Use the formula, J- e [flx)+ fix)dx=e"f(x)+ C
to simplify the solution. [Ans. ye* =¢e" cos x + (]
. dy
Given that — + 2xy =
Ir Y=y
dy

)
= Disy-y=o=>Li@e-1y=0
x dx
which is a linear differential equation.
d
On comparing it with d_y + Py =0, we get
x

P=(2x—-1) and Q=0
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2_rj—l']
Now, [F=E'FM =E'Fm_]m=e[ : =g ¥

and the complete solution is given by

v e= = J(Q e"l_']ir +C

= yet T T=04C = y=Ce"*
3. Hint (i) [F=el = ¢

(ii) For simplifying the solution.

Let i=J e cos 3x dx
I i

sin3x
3

in3

= ptr FOIX

3
e™* sin3x
3 3
e ¥sin3x 2
—+_
3

I O S e

2rgira
=£—Er_h'cas 31—_1;
9 9

3

[ e (-2 dx

- C J- e sin3x dx
1 1

{A.ns. y= é{:i-sinﬂx — 2cos 3x) + Ce 2”]

14. Similar as Question 10.

-]

15. Hint (i) Write the given differential equation as
dx x 2

—_— ==

dy ¥

4
(ii) Similar as Example 4. [A.ns. xy = LA C]
4

16. Given differential equation is

dy
x——y=logx
. ¥ i4
and it can be rewritten as d_y X luﬁ,
x X x

which is a linear differential equation of the form

dy
— 4 =
I Py=0
Here, F‘=—L and Q=1D£.
x x
-1
i
Now, IF = | ¥ o= TR o

and the solution of differential equation is given by
yex™ =j [lﬂﬁ-x_']ir+ C
x

= L= h’#dx +C (D)
xX x
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17.

18.

e @)

Now, put logx =t

. L =dt
X

= x=¢

*. From Eq. (i), we get

l:_[ L‘df+C:> l:j (t-e™)dt + C
£ ¥ Iou

X

= l=r-'?——_I'l-i.::‘le:
x (-1 (-1)

[using integrating by parts]

= l:—re*+_[e"dr+f:
x
= Yo ter -t
x
1 1
= l=—Iugr[—)——+(:
x x) «x
[ E—\r = E—I'-lf = wa_’ - —I]
= y=—logx—1+Cx
= v=Cx —(logx +1),
which is the required solution.
Given differential equation is
d
cos x—y+ 2sinx-y=s5ln X-Ccos X
dx
a’y+25inx _sinx-cos x
dx cos x cos x
dy . .
— 4+ 2tanx-y=sin x L1)
dx
which is a linear differential equation of the form
dy
— 4+ Py=
o TPr=¢
Here, P= 2 tan x and { = sin x.
Now, IF = E"F e =£-‘ Frandy _ g2logscx
[ Jtan x dx = log sec x]
=" Tz gec’x

and the required solution is given by
y xIF=[{0x1F)dx +C

1
- dx +C
cos x

: :
y-sec’ x =] sin x-

=  y-sec”x =[secx-tan x dx +C
= y-sec’ x=secx+C [ ] secx tan x dx = sec x]
= y=cos x+C cos’x [dividing by sec® x ]
which is the required solution.
Hint

(i) Given differential equation can be rewritten as

—y+5eczxy= sec’ x tan x
dx
Here, P=sec’ x and Q = sec’ x-tan x.

(i) IF = ™ [Ans. y-e™" =" (tanx — 1) + C]
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19. Hint Write the given differential equation as
dy . y _ elan' v

dc 1+x* (14+x%)

1
'd-' -1
~IE= e"'” =¢"" ¥ and required solution is given by
- 2tan'x l‘ - Z2tan'x ]
ye""zje — dx.| Ans. ye'* r=Z +C
(1+x7) 2

20. Given differential equation is(1 + y*) + (x — ™ ):_y =0
x

= (l+y1)=—(x—ew'-‘y)—dl
dx
2, dx tan™
= 14y )—=—x+e""?
dy
= (l+y2)£+x=e"°_"
dy
dx x e
= —+ =

dy 1+y° 1+y°
[dividing both sides by (1+ y*)]

which is a linear differential equation of the form.

d.
_x+Px=Q

dy
nn"y
Here, P = - and Q= =
1+y 1+y

1

— L
Now.IF=e-[N’=eI“" =gt

and the required solution is given by

x-IF=JQ-ley+C,

-4 em-‘y -t
= x-e™ "=J—,~e"" Ydy + C,
1+y"
-t Yy
= x-e™ ’=I(e 2) dy +C,
1+y

-

1

2

+¥
x-gY =je”df + G,

Put tan™ y = ¢, then dy = dt
1

= xoey = Lozuty +0C,
= 2xe™ T =Y 4 2C,
~i —i
= 2xe™ T=¢""" 4 C [-C=2C]

21. Similar as Example 4. [Ans. x = y* + Cy]

22. Hint The solution of given differential equation is
y(l+x)=tan™ x +C A1)

Also, given y =0 and x =1, then from Eq. (i). we get
0{1+1)=tan"{1)+ C
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= o=2.c
4
= (_‘:—E
4
[ ]

lAns.(l+x2)y= tan™’ x—§J

23. Hint () Here, P= 2 and Q = x* + 2
b el |

1

(i) IF =—
x“-+41

(iii) The required solution is given by

y 1
=|l1+ +C
x*+1 I( x’+1)dx

[Ans. y=(1+ x*)(x + tan™'x + C)]

24. Hint (i) Given differential equation can be rewritten as

dy 2x sec’ x
“r% 2 o 2
dx 1+x° 14+x
2 2
Here, P = =z —an == ‘\;
14+ x° 1+x
(ii) IF =1+ x*

(iii) The required solution is given by
y-(1+ xz)=jsec2xdx +C

t 54
I’Ans. y= anx + z]
l 1+x° 1+x J
25. Hint Given differential equation can be rewritten as
dy el e 2

dx xlogx x*

L &

I
IF=¢ ' =" = ogx
So, required solution is

ylogx = j%]ogxdx+c’

=logx x {—l)—li[—L}ix+C
x x| ox
[A.ns. ylogx = —Elch—E +C]
x x

d
26. Hint Write given equation as 2 _ Y 3y andsolve it

r  x
[Ans. y =3x" + Cx]

d
27. Hint Write the given equation as d—r — x = yand solve it.
¥

X - -|
T—*—j-‘-CJ

[Ans. x + y +1=Ce?]

28. Similar as Example 5.

[
lz’ms. (x* —1)y= %lug
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29, Given, (tan™ x — y) dx =(1 + x*) dy

dy tan™'x— dy tan™ 1
> B wx-y Ay etz 1
dx 14 x7) de  1+x° 1+4x
-1
= d—y+ ! - = lan ': A1)
de 1l+4+x 1+ x
The above differential equation is linear differential
equation.
d
On comparing Eq. (i) withd—y+Py=Q. we get
by
1 tan™ x
P= and 0=
1+ x* ¢ 1+ x*°
T e
Now, IF=-EI =g Y =g
. Solution is given by
y-IF=IQ-[Fir+C
tantx t -
= - -J an x e“dx + C
14 x°
Putt=tan™ x =>dt = lzdx
1+ x
s~ x r r r
yeu = [rddt +C=toe' — [1e'dt 4 C
[integration by parts]
= ™ f=te-e+C
= oy x=tanTx-e" Y — ™40 [or=e ]
= " =(lan'x-1)" *+C

30. Given differential equation is (1 + r}:—y —ty=1
x

d I 1
and it can be rewrithen i = — — = ——

dr (+1) 1+t

Here, P——a.ndQ— !
1+t 14+t

(= _; [1__]¢,
NGW, IF = E er I+t - E-[r—lngu-nll
=" = (1 4 t)e™
and the solution of differential equation is given by

1+t)e~=[(1+t)e dt +C
R [
= y-(+t)e” = [etdt +C
= y(l+t)e”'=—e"+C (i)

Also, it is given that y =—1, when t =0.
*. From Eq. (i), we get
(—1)(1+0)e"=—e"+C

= —1=-14C = C=0
Now, from Eq. (i), we get y = !
(1+1t)
yy=——=_"1 H ed
= =— ence proved.
1+1) 2 r

e @)

31. Given differential equation is

dy x4+ ycosx
dx 1+ sin x

It can be rewritten as
d cos X x
_y +

dx 1+4sinx 14sinx

This is linear differential equation of the form

ﬂl—J"r+i-7y QwhereP-i and Q = - =

dx 1+4sin x 14sin x
j o8 N
Now, integrating factor IF = ¢/ 7% = ¢ 1+50¥

Putl+sin x =t = cos x dx =di
dr

IF =¢ * =eh‘|'|

=|f|=1+sin x [putting ¢ =1 + sin x]

The general solution is given by
y-IF=[Q-Fdx+C

yx(14sin x)=[- (l4+sinx)+C

1+4sinx
= y{l+sinr‘,l=-|.—xir+("
= y(l+sinx]|=—x—2z+c _(i)
Also, given y =1, when x =0

1{1+5inﬂ]|=—g+("

= C=14+0=1
On putting C =11in Eq. (i), we get

2

) x
y(l+51nx]|=—?+1
Hence, particular solution of the given differential
. ) x*
equabtion is y{1 + sin x)=— 7 +1.

32. According to the question, the differential equation is

d
x+y=Ey+5

= Ii‘l—“"’+1‘\—1'jy=J::—5 A1)
dx
which is a linear differential equation of the form
d
= +Py=0
dx
Here, P=—landQ=x -5
Now, IF = E"F ™ EI e e

and the required solution is given by
yxI[F=[QxIFdx+C
= J..'-i?'r=J'{r—S}|:_:_Jr de +C
i

= ye t =(x—5)]e "dx

- [%{x —5)-fe a‘x] dx +C

[integration by parts]
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= yvoet=(x=5)—e)-[(—eT)dx +C
= ye =(5—x)e" -+ C ..A1)

Since, the curve passes through the point (0, 2), therefore
we have
2. =(5-0)e* -+ C
= 2=5-1+0C
= C=2-4=-2
On putting the value of C in Eq. (i), we get
e y=(5-x)e " —eT -2
= y =4 — x — 2¢* [multiplying both sides by e*]
which is the required equation of the curve.

Given differential equation is

J'I:II—“‘I+2yt=mx=sin::c
dx

which is a linear differential equation of the
form iy +Py=0.
dx

Here, P = 2tan x and Q = sin x
IF = P’[M =ej!lnnx.d.r

Z| tamrdy
=.E’F B X =E.2hd==“'l

Now,

x
=,Eh£ﬂ

e/ = f(x)]
Then, the solution of differential equation is given by
y-(IF) = [(IF)Q dx +C

x
= 5!1'1'.‘z X

= y-sec1r=_|-seczx-sinx dx +C
sin x
= }r-seczr=_|- —dx+C
oS X
Put cos x = t, then —sin x dx = dt
di
}r-seclx=—_Fr—z+C
= y-sec2x=——Ft_Edf+C
=1
= ysectx=—-1——+0C
(-1)
2 1
= ysecx=—4+0C
t
= ysec’ x = +C [+t = cos x]
COs X
= y-sec’ x =secx +C
1 C
= y= +—
SECX SeC X

[dividing each term by sec” x]

= y=cosx+C-cos’x

n
Now, it given that y =0when x = 5

i T
O0=cos—+C-cos"=

= 0= l+ l.’_“.l [

T 1
o5 —=—
2 4 3 2]

34

35.

e @)

-1 C

= —_—=— =
2 4

.. The required particular solution is

y=cosx—2cos’x

C=-2

Given differential equation is
dy = cos x(2 — y cosec x)dx

d
= d—y=msx{2—ycnsecx}= 2C0s X — Y COSEC X -COS X
X
d
= o 2cos x — yeotx
dx

d
=2y yeotx = 2Zcos x
dx
which is a linear differential equation of the form of

dy _
E*'PJ’—Q

Here, P =cotx and Q= 2cos x.
Now, IF = EJM = men‘r =" = gin y
and the required solution is given by
yxIF =_[(Qx1F)dx+C
y-sinx = IZcus x-sinxdx + C
=  y-sinx= —Fsi.n 2xdx+ C [-sin2x = 2sin x cos x|

cos 2x
2

+C D)

= y-sinx = —

Also, given y = 2, when x = %, therefore we have

cns[Exg]
_— 4

2-sin£=—
2 2
1
= 21=4-+C
2
1
= 2—=—=C
2
4-1 3
= =l’::>-’:'=E

On putting the value of C in Eq. (i), we get

1
sinx =— —cos 2x + —
¥ 2 2

Given, xd—y+ y—x+ xycotx =0
dx
d
= x—y+y{1+xcolx}=x
dx

On dividing both sides by x, we get
d_y+ (1 + xcotx) -1
dx x
which is a linear differential equation of the form
d_y + Py=0Q.
dx

1+ xcotx

Here, F=

and =1

X
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Now, 1=l JlEr=

= ploglxl+loglsnx] _ g |xsinx]
= xsinx [ e/ = f(x))
and the required solution is given by
y-IF = [(Q-1F)dx + C
= y(xsinx]=J.}'sil;{rdr+C
= y(xsinx)= xjsinxdr—f{dilx)fsmxdr]dx
x
[integration by parts]
= y(xsi.nr}l=—xcnsr+_[cnsxdr
= y(xsinx)=—xcosx +sinx +C A1)

Also, it is given that when x = % y =0, therefore from
Eq. (i), we get
I T m
0=——cos —+sin—+C
2 2 2
1Y
I=—={0)+14C=C=-1
2

Hence, the required particular solution is

xysinx =-—xcos x +sinx —1.

d
Given, Q_ (3cot x)y =sin 2x
dx

which is a linear differential equation of the form

dy
= 4 =
I Py=0Q
Here, P=—3 cot xand(Q =sin 2x.
NCI“-' ]:F=E"F _ljmtxdj=g_!hﬂm”=ehzm'”-.
_ 1
sin’ x
and the required solution is given by
yxIF=[(Qx1F)dx +C
1 1
= yX— =I_ sin 2x dx + C
sin x “sin'x
— yx 1! =2Fsmrt;usxﬂ,x+c
sin’” x sin” x
[ sin 2x = 2sin x cos x]
= -2_[ Tdx+C
sinx sin® x
= “; =2Icntxm5ecxdx+£‘
sin® x
= y] =—2cosec x +C
sin” x
1
= y=—2[_ xsin’x]+Csin’:c
sin x

37.

38.

39.

e @)

= y=—2sin"x + C sin*x .di)

Also, given y = 2and x = % therefore from Eq. (i), we get

2=_2 smz[i) +Csin® [E]
2 2

= 2=—24C

= C=4

On putting the value of C in Eq. (i), we get
y=—2sin’x+4sin’y = y=4sin’ x —2sin’ x

which is the required solution.

Similar as Question 36.
z
lﬁms. y = 2x” cosecx — ?cnsec r}

Given differential equation is

(x’+1}:—y+ Zxy=x" +4
X
_ ~,||;1’2 +4

1+x%)

d}'+ 2xy
dr (14 x%)

which is a linear differential equation of the form
d
T+Py=0
x

2 .,||x2+4
Here, P = IzandQ= —
1+x (1+x7)

2.1:”

PFdx 1+x%
[Rir _ et

Now,[F=¢

= gl ++ =(1+x%)

and the required solution is given by
y-lF=I(Q-lF]ir+C
_—le +4 (l+x ydx +C

= }r{1+x]

= y-(1+x7) =_F x*#(2)" dx+C

4
+Elug‘x+-.,,|xz+4 +C
2
[j x*+a’ dx =§-‘FI2+ a + Z— log | x +~.'|:1:z +a’ |]
"”-' +4+2[ug|x+,,'x +4|+C
2

which is the required solution.

= y-(1+ x2)=§ x'+4

y(l+x%)=

Given differential equation is
dy

X —+ y=xcosx+sinx _.(i)
dx
dy ¥y sin x
= — +=—=cosx +
dx «x x
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41.
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This is a linear differential equation of the form

d
Liry=0
dx
whereP=-l-andQ=¢:osx+ﬂ
x x

1
IF=¢JM =e“:‘ =t =x
and the solution of differential equation is given by
y-(IF )= [Q-(IF)dx +C

= yx=j(xcosx+sinx)dx+C
= xy=jxcosxdx+jsindx+C
=5 xy=xsinx-jsindx+jsinxdx+(‘

[integrating Ist integral by parts]
= xy=xsinx +C

n
Putx=;andy=l. we get

T n
-X1=—-sin£+C
2 2 2
n
= —=£+C
2 2
= C=0

Now,xy=xsinx+0 = y=sinx

. Hint Write the given differential equation as
d 2 2
L R B cos x
dx (x*+1) (x*+1)

= d—y—zi=(x2+l)cosx
dx x*+1
et .
and IE=¢ "% =l = (x? 4q)7!
[Ans. y = (x* +1)sin x]
Given differential equation is

(tan™ y—x)dy = (1+y*)dx

tan”y—x _ dx

= 2
1+y dy
-1
= x__—x ,fany
dy 1+y 1+ y
dx 1 tan™y
= —+ ‘x=
dy 1+y* 14 y*

which is a linear differential equation of first order.
. o odx
On comparing with d—+Px=Q, we get
¥

1 tan”' y
P=— _and Q=
1+ y

1+yz

41

43.

e @)

dy
Pdy I 2 -1
Now, I]’=eJ =Y =2

and the required solution is given by

x-IF = [Q-IF dy+C

-t ¥ o an=t
= x-em’=Ian 3’Xe' Ydy+C
1+y

1
Put t =tan™'y, thendt = —dy
1+y°

x-e™ =It -e'dt+C

tan™

= ixieTr=t -e'—jl- e'dt +C [integration by parts]

2
= x-e™Y=t.-e'—-e'+C

R (tan™ y —1 ey 4+C
[putting t = tan™ y] ...(1)
-+ It is given that x =1, when y =0.
Therefore, we have
1-e°=(0-1)+C
= =-1+4+C
= C=2
Hence, x-€™” =¢"" Y(ran~'y—1)+2

which is the required particular solution of the differential
equation.

Hint Write the given differential equation as
d_x = yze'y + 2_x.
dy y
dx 2 2
= ———x=y%e"’
dy 'y

e )

Given differential equation is

[Ans. x = y*(e™ —

(1+ x*)dy + 2xy dx = cot x dx [ x#0]

Above equation can be rewritten as,
(14 x")dy +(2xy — cotx) dx =0
= (14 x%)dy =(cot x — 2xy) dx
On dividing both sides by 1 + x°, we get
dy = cot x — 2xy dx

14 x°
d cotx 2
= <o == 2
de 1+ x 1+ x
dy 2x cotx
=+ ¥ = z
dx 1+ x 14+ x

which is a linear differential equation of the form of
dy
—_—_ -
T Py=0Q
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Here, P= 2x and 0 = cotx which is a linear differential equation of the form
14 x° 14 x° dv
| Ix d'_ + Pv=0Q
I
Now, [Foel o tes® o haliee®l gy o0

Here, P=kand Q = g cos o.

1+ x° an,IF=e»FM=eIH'=f"‘

[ I, =I i dr, putl + x* =t = 2x dx =dt
=1 = jﬁ =log |t = log 1+ le] and the solution of the differential equation is given by
t

v-e" =Je*‘-gcus odi+C
and the solution of linear differential equation is given by

kr kr
}IXIF=IEQ><[H&I+C = Ve —gcusuje dt +C
ki
t 7 cos O & .
= y{1+x’}=_[mx:><{1+xzjdx+c =% v-ei=%+c A1)
14 x

= y{1+r"]|=jcntxdx+c It is given that v = 0. when t =0

.~ From Eq. (i), we get
= y(l+x*)=log|sinx|+C

_Egcosu
log | sin x | C 0= k +C
= TS * 1+ x°
x x -
= c=_8¢0s¢a
which is the required solution. k
44, Hint Write the given differential equation as On putting the value of C in Eq. (i), we get
dc__(x—siny bt fe0s e’ geosa
dy tan y k k
dx _ cos o
= d—+{caty}x=cﬂ5}r [Ans. y =sin™' 2x] = V'fh=g—{9h—1)
¥
dv gcos o ke
45. Given, —=pgcosa—kv = "=—k (1—e™),
dt
- ﬂ’_v +kv=gcos which is the required expression.

dt
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SUMMARY

= Differential Equation An equation involving independent
variable (variables), dependent variable and derivative
(derivatives) of dependent variable with respect to independent
variable (variables) is called a differential equation.

= Ordinary Differential Equation A differential equation
involving derivative or derivatives of the dependent variable
with respect to only one independent variable is called an
ordinary differential equation.

= Order of a Differential Equation The order of the highest
order derivative involved in a differential equation, is called the
order of a differential equation.

* Degree of a Differential Equation The highest power
(positive integral index) of the highest order derivative
involved in a differential equation, when it is written as a
polynomial in derivatives, is called the degree of a differential
equation.

» Solution of a Differential Equation A function of independent
variable will be a solution of differential equation, if this function
satisfies the given differential equation.

= General Solution of a Differential Equation If the solution of
a differential equation of order n. contains n arbitrary constants,
then it is called the general solution of the differential
equation.

= Particular Solution of a Differential Equation The solution of
a differential equation obtained by giving particular values to
the arbitrary constants in the general solution, is called the
particular solution. In other words, the solution free from
arbitrary constants is called particular solution.

= Differential Equation in Variable Separable Form A
differential equation is said to be in the variable separable

form if it is expressible in the form ﬁdy = g(x)dx, i.e. terms

containing y should remain with dy and terms containing x

should remain with dx.

The solution of this equation is given by

Iﬁdy = I g(x)dx + C, where C is a constant of integration
Y

and h(y) # 0.

Get More Learning Materials Here : & m

= Homogeneous Function A function F (x, y)is said to be
homogeneous function of degree n, if F(x, y) = x”g(%

ol

= Homogeneous Differential Equations A differential equation
dy ax :
of the form — = F(x, y) or— = F(x, y)is called a
sldl y) & (x.y)
homogeneous differential equation, if F(x, y)is a
homogeneous function of degree zero.

* Solution of Homogeneous Differential Equation To solve
homogeneous differential equation of the form

& _ o Z s, RN Lt

S F(x,y)= f(;)put y -vxando—k-v+ xam given
differential equation and then use variable separable method
to get required solution.

To solve homogeneous differential equation of the form

adx X ax av. :
—=G(x.y)=g(-), put x =vy and — = v + y — in the given
dy y dy dy

differential equation and then use variable separable method.

= Linear Differential Equation A first order differential equation
in which the degree of dependent variable and its derivative is
one and they do not get multiplied together, is called a linear
differential equation.

Type | A differential equation of the form % + Py =Q, where P

and Q are constants or functions of x only, is called linear
differential equation, whose solution is given by

y-(F)= [Q-(F)dx + C, where IF =/**

Type Il A differential equation of the form z—;+ Px =Q, where P

and Q are constants or functions of y only, is called linear
differential equation, whose solution is given by
x-(IF)= [Q-(IF)dy +C, where IF =elf¥
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CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS
1

If m and n are the order and degree of the
differential equation

3
&) | &y

Fy a
dx®

2 48
[i—‘z] +4
(a)m=3n=3
(c)m=3 n=>5

=x? -1, then

(bym=3in=2
{dym=3 n=1

The order of the differential equation satisfying
J1=-x2 + 1=y =a(x - y)is

(a) 1 (b) 2

(c)3 (d) None of these

If y = e *(Acosx + Bsinx), then yis a solution of
2
S P L S
dx * x
tj z

z
@22
dx ? dx

dy
—+ 2y =0
dx ¥

(d)

2
©3I 4

Y
+2y=0
dy 2

2
The solution of differential equation
xdy = ydx =0 represents

(a) a rectangular hyperbola

(b) parabola whose vertex is at origin

(c) straight line passing through origin
(d) a circle whose centre is at origin

The solution Df% - y =1, y(0)=1is given by
x

X

(b) xy=—e"
(d) y=2e* -1

(a) xy=—e"
(c)xy=-1

The differential equation y% + x = C represents

(a) family of hyperbolas
(c) family of ellipses

(b) family of parabolas
(d) family of cireles

The integrating factor of differential equation
dy

+ ytanx —secx=01s

(a)cos x  (b)secx (c) g% (d) e™*
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8 IfE = y+3>0and y(0) =2, then y(In2) is equal
to
(a)5 (b) 13 (©) =2 )7
9 The integrating factor of differential equation
% +y= 1+y is
x
E
@= ®m= (c) xe* (d)e”
e* x
10 The solution ofj—‘y +y=e* y(0)=0is
k2

X

@) y=e*(x-1)
(c) y=xe™" +1

(b) y=xe”
(dyy=(x+1)™"

VERY SHORT ANSWER Type Questions

Directions (Q. Nos. 11-14) Find the order and degree of
the following differential equations.

1.,
1 d—'l' +5in [ﬂ] =0
dx dx® [NCERT)
3 2
12 9Y_| +[d—y]
2 dx
d 2
13 <y =y
dx  (dy/dx)
2 32 4
14 x* [d—‘ZJ +x[d—y) =0
dx dx [Delhi 2019]
15 Find the order and the degree of the differential
equation
4
2
24y ll {2 ]
dx dx [Delhi 2019]
Directions (Q. Nos. 16-19) Solve the following differential
equations.
16 ﬂ.p}r:]_'y;e]_ l?d_y._Mzo
dx X
18 Y _or-=

[NCERT Exemplar]

e @)
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19
20

21

22

23

24

ﬁ|'.a+:cﬂ+x=l2l
dx

Write the general solution of differential
equation @ =
dx x

Find the integrating factor of the differential

. day b
e uatmnxi— r=2x".
q dx ¥

Find the integrating factor of the differential
equation (1 - %) ;.E"' yx=ay,-l<y<l
Ly

Write the integrating factor of
dy _ 1

R y=(1+x)e*.

Write the integrating factor of the differential
; dy _afx
equation 4y — + y=¢ .

1 J_ dx Y [All India 2015C]

SHORT ANSWER Type I Questions

25

26

27

28

29

30

31
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State whether y = ¢ "(x +a)is a solution of
differential Equationg +y=et.
Show that the function y = (A4 +Bx)e" is a

2
solution of the equation d—J; - Ei'd—}r +9y=0.
dx dx

Show that the function ¢, defined by
o(x) = cos x, (x € R), satisfies the initial value
2

problem ':I—'Z +y=0,y0) =1 y(0)=0.

Show that y=Cx + %is a solution of differential

equation y = xd'l—-]'P -

Prove that xy =ae”™ + be™ ™ + x?is the general

, where C is a parameter.

solution of the differential equation
z, '
xd—%+2‘—il-x}'+x2-2=0.
dx dx
Write the solution of differential equation
(" +e  )dy=(e" —e ") dx
If% = yex and x =0, y = e, then find the value of

¥, whenx=1 [NCERT Exemplar]

32

33

34

35

36

37

38

Solve2(y + 3) - xy s_x_y =0, given that y(1)=-2.
[NCERT Exemplar]
Solve the differential equation % = ysin 2x,
given that y(0) =1
Solve the initial value problem
dy =e™* ¥ dx, y(0) = 0.

Show that the given differential equation is
x+y
X [NCERT]

homogeneous and solve it y* =

Find the integrating factor of the differential
. _dy 1+y
equation —+ y=—=— )
dx x [All India 2017C]

Find the general solution of the differential

equation L2 +2y =5,
dx [Delhi 2017C]

Find the equation of that curve whose tangent

at any point on it has slope equal to y + 2x.

SHORT ANSWER Type II Questions

Directions (Q. Nos. 39-51) Solve each of the following
differential equations.

39
40

H

42,

43

14
45
46

47
48

19
50

e @)

xcosydy=(xe*log x +e*)dx

(1+y) (1 +log x)dx + xdy =0
dy 1+cosly .
dx 1-cos2x

[Delhi 2011]

(1+ e™)dy + (1+ }'2) e* dx =0, given y =1, when

x=0. [NCERT; Foreign 2011; Delhi 2010]

(x+1}ﬂ=gg‘-" +Ly=0whenx=0
dx [Delhi 2020]

2xy dx + (x* + 2y%) dy = 0 [Hint Put y = vx]

(x* = yx?) dy + (¥ x?y") dx =0
xdy-ydx=1||:rz+y2

[NCERT; All India 2011; Delhi 2019, 2016C]
xdy=2y+2x* 4+ xV)dx

[Delhi 2010]

dy .
— - y=sinx )
dx [All India 2017]
1+ xz)ﬁ-x=2tan"1x
dx
xdy=(y+2x?)dx=0 [All India 2011]
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51 ydrx-(x+2yYdy=0 [All India 2017]

52 Show that the family of curves for which
ﬁ _ xZ4 _}'2
dx 2xy

2=CI.

,is given by x? -y
[Delhi 2017]

Or

Find the general solution of the differential

: dy _ 2 2
equation 2xy —=x"+ y".
1 dx Y [All India 2017C]

53 Solve |{1+:r2}j—y+21y-412 = 0 subject to the
x
initial condition y{0) = 0. [Delhi 2019, 2016C)

54 Solve the differential equation
.rd—y =y-x tan[l}
dx x

55 Find the particular solution of the differential

[All India 2019]

, 2
equation dy _1+ }2, given that y(0) = J3.
dx  1+x

[All India 2017C]

56 Find the particular solution of the differential

equation 2xy + }'2 =252 :—y=0, yv=2whenx=1

X

[NCERT; All India 2017C]

LONG ANSWER Type Questions

57 Solve the differential equation
dy e (sin® x + sin 2x)
dx ¥(2log y +1)

58 Solve the differential equation

%:1.”( +y*+ 0", when y=0,x=0.
[NCERT Exemplar]

59 Ssolve xzﬁ=x2+ 4yl
y+y
dx [NCERT Exemplar]

60 Solvexgd—y—xy=l+cos(l}.r;tﬂandx=l,
dx X

n
iy [NCERT Exemplar]

61 Find the equation of a curve passing through

the point [1, %} if the slope of the tangent to the

curve at any point P(x, y)is Y _cos
x
[NCERT Exemplar]

2 ¥
o
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62

63

64

65

67

68

69

70

e @)

dy

Solve the differential equation x r —ay=x+1

Find the particular solution of the differential

equation (1+ x7) i—y —emtan X _ ¥, given that

y=Lwhenx=0. [All India 2015]

Solve the initial value problem

dy 2 dy
-x—=2]1 — 1l ¥l)=1
y-x [+x }}(}

dx

1 1
)Y

[Hinty-xd—y=2[l+xzd—y]
dx

1 2 1, ]
=I[§_zx+1]dx=j(y-z)dyj

Show that the differential equation

(x? + xy) dy = (x?+y”) dx is homogeneous and
solve it. [NCERT)]
Show that the differential equation
(¥* = x?) dy = 3xydx is homogeneous and solve it.
Solve the differential equation
(1+€"7) dx + e*'” {1 -5] dy = 0. [Hint Put x = vy
y
[NCERT]

Solve the differential equation

x’dy + y(x + y) dx=0, given that y =1, when x =1

2
[Hint d_y= —{1]—{£] , put ¥ = vx, then
l. dx X X
x£=—2v-v2
[
(v+¢D?-1 " x

Solve the initial value problem
(xe*’* + y)dx = x dy, y(1)=1
Solve y + di {(x) = x(sin x + log x).
x
[NCERT Exemplar]
[Hint The given equation can be written as
V+ :Jrﬂ.—“'r +y=x(sin x +logx)
dx

dy 2 '
= I+:y—smx+log_r]
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71 Find the general solution of
(1+ tan y)(dx —dy) + 2xdy =0.
[NCERT Exemplar]
[Hint The given equation can be written as
2

£+2_I=]: []:‘=¢3-r1"t"m'-"d:lr
dy l+tany
2cus_.v dv ]-[cug !-+sir|._li+5-m’-_:in "I]d}'
—[Fog Osr+siny =~ _ cos ¥ + sin y

f{l JEEy-sEny s_in "I] dy
- &- COs y+sin y

= gV +loglcos y+siny| _ ¥ -(CEIS ¥+ sin }]]

72 Find the particular solution of the differential
equation (1- x%) ;x_} - xy = x7, given that y =2,
when x =0.

73 Find the particular solution of the differential
dy

equationx — = y=(x+ )& *
q proal (x+1)

, given that y =0,

whenx =1

CASE BASED Questions

74. AVeterinary doctor was examining a sick cat
brought by a pet lover. When it was brought to
the hospital, it was already dead. The pet lover
wanted to find its time of death. He took the
temperature of the Cat at 11.30 pm which was
94.6°F. He took the temperature again after 1 h;
the temperature was lower than the first
observation. It was 93.4°F. The room in which
the Cat was put is always at T0°F. The normal
temperature of the cat is taken as 98.6°F when
it was alive.

The doctor estimated the time of death using
Newton law of cooling which is governed by the

differential equation: % = (T = 70), where 70°F
is the room temperature and T is the
temperature of the object at time .

Substituting the two different observations of T
and t made, in the solution of the differential

equation % = k(T - 70) where k is a constant of

proportion, time of death is calculated.
[CBSE Question Bank]

Answer the following questions using the above

information.

e @)

(i) State the degree of the above given
differential equation.

(ii) Which method of solving a differential
equation helped in calculation of the time of
death?

(a) Variable separable method

(b) Solving homogeneous differential
equation

(c) Solving linear differential equation
(d) All of the above
(iii) If the temperature was measured 2 h after
1130 pm, will the time of death change?
(Yes/Mo)
(iv) The solution of the differential equation
% =k(T - 70)is given by,
(a) log T -70| =kt + C
(b)log IT-T0|=log |kt |+C
(c)T-TO=ht +C
(d)T-T0=kt +C
Ifr =0when T is 72, then the value of C is
(a)-2 (b)O (c)2 (d) log 2

(v

-

Polio drops are delivered to 50K children in a
district. The rate at which polio drops are given
is directly proportional to the number of
children who have not been administered the
drops.

By the end of 2Znd week half the children have
been given the polio drops. How many will have
been given the drops by the end of 3rd week
can be estimated using the solution to the

differential equation % = k(50 - y) where x

denotes the number of weeks and y the number
of children who have been given the drops.

[CBSE Question Bank]

Answer the following questions using the above
information.

(i) State the order of the above given differential
equation.

(ii)) Which method of solving a differential

equation can be used to scl\rejx—y = k(50 — y)?

(a) Variable separable method

(b) Selving homogeneous differential
equation

(c) Solving linear differential equation
(d) All of the above
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(iit) ';he solution of the differential equation
i = k(50 — y)is given by
(a)log |30 - y|=hkx + C
(b)-log|50-y|=kx +C
(c)log |50 - y|=log |kx |+ C
(d)50-y=kx+C

(a) log 50

(¢) 50

1
(b) log %0
(d) - 50

(v) Which of the following solutions may be used
to find the number of children who have been
given the polio drops?

(a) ¥

(c)y

(iv) The value of ¢ in the particular solution given

that y(0)=0and k =0.049 is

| ANSWERS |

1. (b) 2 (a) 3.
6. (b) 7. (d) 8.
11. Order = 4, degree =not defined 12.
14. Order = 2, degree =2 15. Order = 2, degree =1 16.
19. y=—;2{ﬂ+ x4 2.:1..1‘&+.r+£‘ 20.
23.F=—— 24. F=e?* 25.
1+x
3. y=¢ 32 Yy ey =Tt 33.
x ix
36.IF=- 37. y=Si—+cCe™™ 38.
x 5
2
40.tan" "y + log|x|+w=f 41.
43y =log(3x+1) 44, 29% +3x’y=C 45,

1
4?.y=x"+.tz lug.r+sz 48. y=—;{sh1.r+cosx+ce"]

50. y=2x* + Ox Sl x=2y* +Cy

55. tan™ ¥ = tan™" x+% 56. y

_ Ix

_1—lug|x|
2

53.y=tan[x+x?]

X 1o
a

62.y=

1—-a

65.(x—y)* =Cxe ¥ 66. y2(ax* —yH)* =cC

69.y=x—.rlog{1—e]og|x|}
T1. x{sin y + cos y) =sin y+ Ce™”"

T4 (i) — (1), (il) — (a), (iii) — (No), (iv) — (a), (v) —=(d)
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53. y

(x#0 x=e)
59. tan™' [l] = log | x |+ ¢ 60. tan [l]
x

63. y(m+ 1]5“"-1' =glm+ittanTx

67.
70.

72

4.
9.
13.

c)
(d)
Order = 2, degree =2

x+logh-y|=C 17.
y=Cx 21.
Yes 30.
y=e= 34.
y=—2x—-2+0Ce*  39.
tany = cotx + C 42.

l+1|:ngy'=—l+ x+C
y X

49

4’

_ 54.
31+ x7)

57.

-1 3
=—2+ - 61.

2x ?x 2

L

64

x+ype = 68.

Zsin x
y=—cos x+ ——+
X
x “lx
y=-——+

. y=2-

2cos x

X
2

=50-¢"
=50(1—e ')

(b) y=50—¢e*
(d) y =50(e™ -1)

5. (d)
10. (b)

(d)
(b)
Order =1, degree = 2
18. 277 —27¥ =k

22, IF = —
1—y

y=xe"+C
F=l
x

2

y=logle* +e *|+C

y =log T 35.y=xlﬂg|x|+£‘.‘r

siny=¢" log x+ C

T o

46. y + 1‘|x2 +yt =t

tan™" ¥+ tan~' e

1
. y=(tan™" x}2+51:}g|1+x2 |+C

xsin (XJ =C
x

y(log y)=e* sin*x + C

tan (l]+ log x=1
x

1
, where x # ——
2x+1 2

y+ 2x—312y=[l

- +£l|:g.'|:—§+(_".1r_2

3

T3 y=—e"+xe

sin
1_

e @)

2 ZJ xz-t,“[l—:caI

75. (i) — (1), (i) —(a), (iii) — (b), (iv) = (b), (v) = (c)
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